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HECKE EIGENSYSTEMS OF AUTOMORPHIC FORMS (MOD p) OF
HODGE TYPE AND ALGEBRAIC MODULAR FORMS
YASUHIRO TERAKADO AND CHIA-FU YU
Abstract. We show that the systems of prime-to-p Hecke eigenvalues arising from automor-
phic forms (mod p) for a good prime p associated to an algebraic group G/Q of Hodge type
are the same as those arising from algebraic modular forms (mod p) associated to an inner
form of G.
As an application we give an explicit upper bound for the number of those systems arising
from automorphic forms (mod p) associated to the similitude group G of a Hermitian form
with a totally indefinite quaternionic multiplication. We also show that the superspecial locus
of the moduli space of abelian varieties of this type, possibly having bad reduction at p, is
non-empty.
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Introduction
In his letter [29] to Tate, Serre proved that the systems of prime-to-p Hecke eigenvalues
arising from modular forms (mod p) are the same as those arising from locally constant func-
tions
f : D×\(D ⊗Q Af)× → Fp,
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where D is the quaternion Q-algebra ramified precisely at a prime p and∞, and Af is the ring
of finite ade`les of the rational numbers Q. This correspondence was obtained from restricting
modular forms to the supersingular locus of the modular curve modulo p, and the algebra D
appeared as the endomorphism algebra of a supersingular elliptic curve. This result can also
be regarded as a mod p analogue of the Jacquet-Langlands correspondence.
Gross was inspired by this work and introduced the notion of algebraic modular forms
(mod p) on reductive algebraic groups over Q satisfying certain conditions [9]. By using this
notion, Ghitza generalized Serre’s result to Siegel modular forms (mod p) of genus g > 1 in
[6]. He considered algebraic modular forms on an inner form of GSp2g over Q which appears
as the automorphism group of a superspecial abelian variety. Here, an abelian variety is called
superspecial if it is isomorphic to a product of supersingular elliptic curves. Further, Reduzzi
investigated the above correspondence for Shimura varieties of PEL-type in [26], and gave full
details for unitary Shimura varieties associated to imaginary quadratic fields. He considered
algebraic modular forms on the inner forms associated to superspecial points, assuming that
the superspecial loci of these Shimura varieties are non-empty.
In the first part of this paper, we generalize Serre’s result to Shimura varieties of Hodge
type. To state the main result we fix some notations. Let (G,X) be a Shimura datum of
Hodge type. Now we assume that p > 2. Let K = KpK
p ⊂ G(Af) be an open compact
subgroup with a hyperspecial level at p. We write SK = SK(G,X) for the integral model
of the Shimura variety given by Kisin in [13]. Let L be the centralizer in G ⊗Z(p) Fp of a
cocharacter induced by the Shimura datum (G,X). We choose a maximal torus T of L and a
positive system of roots of L, and we write X∗+,L(T ) for the set of dominant weights. For any
ρ ∈ X∗+,L(T ), let V (ρ) be the automorphic bundle of weight ρ on the special fiber SK⊗Z(p) Fp
(§3.1). For a smooth toroidal compactification S Σ
K
of SK, let V
can(ρ) (resp. V sub(ρ)) be the
canonical (resp. subcanonical) extension of V (ρ) (§3.2).
Now we choose a base point x ∈ SK(Fp). We write Ax for the fiber of the universal abelian
scheme A → SK at x. Let D(Ax) be the contravariant Dieudonne´ module associated to
the p-divisible group of Ax. Let I be the algebraic group over Q whose points consist of
automorphisms of Ax fixing the tensors (§2.2). We put I(Zp) := I(Qp) ∩ AutW (Fp)(D(Ax)).
Then the reduction (mod p) of an element in I(Zp) induces an automorphism of D(Ax)⊗ Fp
preserving the Hodge filtration, and hence it also induces an automorphism of its graded
module. Let Up be the subgroup of I(Zp) consisting of elements whose induced automorphisms
of the graded module are trivial (§3.5). Let I(p) := I(Zp)/Up. Further we identify the group
I ⊗Q Qℓ as a subgroup of GQℓ for ℓ 6= p, and put Up := I(Apf) ∩ Kp.
For a finite dimensional simple left Fp[I(p)]-module Vτ ∈ Irr(I(p)), we define the space of
algebraic modular forms on I of level U = UpU
p and weight Vτ as follows:
Malg(I, Vτ , U) := {f : I(Q)\I(Af)/U → Vτ | f(xg) = g−1f(x)
for all x ∈ I(Q)\I(Af)/U and g ∈ I(p)}.
Note that the superspecial locus of the Hodge type Shimura variety
S
sp
K
:= {x ∈ SK(Fp) : Ax is superspecial}(0.1)
is possibly empty. We will see that it is natural to consider the group I associated to a point
on the basic Newton stratum (§2.3).
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Theorem 0.1. Assume that x is lying on the basic Newton stratum of SK ⊗ Fp. If (G,X)
is neither of compact-type, nor of PEL-type, then we further assume the condition (⋆) on
the boundary of S Σ
K
, stated in Theorem 4.4 below. Then the systems of prime-to-p Hecke
eigenvalues appearing in each of the following spaces⊕
ρ∈X∗+,L(T )
H0(SK ⊗Z(p) Fp,V (ρ)),
⊕
ρ∈X∗+,L(T )
H0(S Σ
K
⊗Z(p) Fp,V •(ρ))(0.2)
for • ∈ {can, sub} are the same as those appearing in the space⊕
Vτ∈Irr(I(p))
Malg(I, Vτ , U).(0.3)
As a consequence, the set of those systems of Hecke eigenvalues appearing the above space
(0.3) is independent of the choice of x lying on the basic Newton stratum.
This result can be regarded as a generalization of the results of Serre, Ghitza, and Reduzzi
to Hodge type Shimura varieties. Note that the basic Newton stratum has positive dimension
in general, while the superspecial locus is of zero-dimensional or empty. Therefore, this result
also generalizes the condition on the base point x. In particular, it is new even for the Siegel
modular case.
The proof consists of four parts. First we use the Rapoport-Zink uniformization for Hodge
type Shimura varieties given by Kisin [14], Howard-Pappas [11], and Xiao-Zhu [39]. Let x be
a point in the basic Newton stratum and let C(x) for the central leaf passing through x (§2.3).
Then the uniformization map induces a G(Af)-equivariant bijection
I(Q)\I(Af)/I(Zp)Up ∼−→ C(x).
In particular, one sees that C(x) is finite (Corollary 2.4).
Next we construct an embedding (Proposition 3.3)
I(Q)\I(Af)/U →֒ LC(x)
which lifts the above bijection. Here, LC(x) is the scheme associated to the restriction L|C(x) of a
principal L-bundle L over SK. By this embedding, we can interpret the space of automorphic
forms H0(C(x),V (ρ)|C(x)) on the central leaf as the space of some vector valued functions on
the scheme LC(x) (Lemma 3.2).
Furthermore, these vector valued functions on LC(x) can be regarded as algebraic modular
forms (Proposition 4.3). These constructions are compatible with prime-to-p level structures
K
p, so we see that the systems of prime-to-p Hecke eigenvalues appearing in the space⊕
ρ∈X∗+,L(T )
H0(C(x),V (ρ)|C(x))(0.4)
are the same as those appearing in the space of algebraic modular forms (0.3) (Theorem 4.6).
Finally, we will see that the systems of Hecke eigenvalues appearing in the above space (0.4)
are the same as those appearing in the space (0.2) of automorphic forms on SK⊗Fp (Theorem
4.4). This will be deduced by some modification of results of Goldring and Koskivirta in [8]
and of Ghitza in [6], where they studied automorphic forms on the minimal Ekedahl-Oort
stratum and on the superspecial locus, respectively. Here, we need the assumption on the
boundary. This is an outline of the proof of Theorem 0.1.
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As a corollary, one can bound the number of those systems of eigenvalues in terms of the
cardinality of the central leaf C(x) and the dimensions of simple Fp[I(p)]-modules Vτ .
In the second part of this paper, the general theory is applied to the special case of automor-
phic forms (mod p) associated to the similitude group G of a Hermitian form with a totally
indefinite quaternionic multiplication; it is of type C. Let B be a totally indefinite quaternion
algebra over a totally real field F of degree d over Q together with a positive involution ∗. Let
OB be a maximal order stable under the involution ∗. We fix a prime p, possibly p = 2, and a
prime-to-p positive integer N . We write MK for the moduli space classifying abelian varieties
of dimension g with principal polarizations, OB multiplications, and level N structures. First
we show the following:
Theorem 0.2 (Corollary 6.3). The superspecial locus Msp
K
of the special fiber MK ⊗Z(p) Fp is
non-empty.
We reduce the question to constructing a superspecial principally polarized Dieudonne´
module with an OB ⊗ Zp-action satisfying Kottwitz’s determinant condition (Theorems 6.2
and 6.4).
Now we assume that p is unramified in B. Then MK has good reduction at p. We choose
a base point x ∈Msp
K
and consider the inner form I of G associated to x (§7.2). By Theorem
0.1, the systems of Hecke eigenvalues occurring in each of the spaces⊕
ρ∈X∗+,L(T )
H0(MK ⊗ Fp,V (ρ)),
⊕
ρ∈X∗+,L(T )
H0(MΣ
K
⊗ Fp,V •(ρ))
for • ∈ {can, sub} are the same as those arising from the space of algebraic modular forms
on I of level U and any weight Vτ ∈ Irr(I(p)). We write N (B,N, p) for the number of those
distinct systems of eigenvalues. We give an explicit upper bound of this number:
Theorem 0.3. Let Dp,∞ be the quaternion algebra over Q ramified exactly at {p,∞}. Let D′
be the quaternion algebra over F such that
invv(D
′) = invv((Dp,∞ ⊗Q F )⊗F B)
for all place v. Further, let ∆′ be the discriminant of D′ over F . We set m := g
2d
and
CB :=
(−1)dm(m+1)/2
2md
·
m∏
i=1
ζF (1− 2i) ∏
v∤p,v|∆′
(qiv + (−1)i)
 .
Then one has the inequality
N (B,N, p) ≤ CB · |G(Z/NZ)| · p
d(m+2)(m−1)
2 · (p− 1)
·
∏
v|p,v∤∆′
(qv − 1) ·
∏
v|p,v|∆′
(qv + 1) ·
m∏
j=1
 ∏
v|p,v∤∆′
(qjv + 1) ·
∏
v|p,v|∆′
(qjv + (−1)j)
 .
In particular, if we keep F , B, m, and N fixed and let p > 1 vary, then
N (B,N, p) = O(pdm
2+dm+1) as p→∞.(0.5)
Here we give an outline of the proof. By [36], the central leaf C(x) coincides with the
superspecial locusMsp
K
in this case. Therefore, by Theorem 0.1 and by a dimension formula for
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spaces of algebraic modular forms (Proposition 4.2), we can reduce the problem to estimating
the followings:
(1) The cardinality of the superspecial locus Msp
K
;
(2) The number of isomorphism classes of simple Fp[I(p)]-modules;
(3) An upper bound of the dimensions of simple Fp[I(p)]-modules.
The cardinality (1) is deduced from a mass formula, which was given by the second author
in [36]. Note that the cardinality |Msp
K
| = |C(x)| is the smallest among all central leaves. He
also gave an explicit description of the group I associated to a superspecial point x, and this
gives a description of the finite group I(p) (Proposition 7.2). Then we get the quantities (2)
and (3) by applying to I(p) the representation theory of finite groups with split (B,N) pairs,
developed by Carter in [1] and Curtis in [2].
We remark that when F = Q and B = Mat2(Q), the moduli interpretation of MK is
equivalent to that of the Siegel modular variety of genus m = g
2
. Hence the spaces H0(MΣ
K
⊗
Fp,V can(ρ)) are identified with the spaces of Siegel modular forms (mod p). In this special
case, our bound agrees with Ghitza’s bound given in [7]. See Remark 8.4.
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Part 1. Correspondences for Shimura varieties of Hodge type
1. Integral models of Shimura varieties of Hodge type
From now on, we write k for the algebraic closure Fp of the finite field Fp. In this part, we
assume that p 6= 2. Let W = W (k) be the ring of Witt vectors of k, and let K := W [1
p
] be
the field of fractions of W .
In this section, we recall results of Kisin [13] about integral models of Shimura varieties of
Hodge type.
1.1. Shimura varieties of Hodge type. Let G be a connected reductive group over Q and
X = {h} a G(R)-conjugacy class of maps of algebraic groups over R
h : ResC/RGmC → GR,
such that (G,X) is a Shimura datum [4, §2.1]. Denote µh : GmC → GC by µh(z) = hC(z, 1).
The reflex field E ⊂ Q ⊂ C is the field of definition of the conjugacy class of µh.
Let Af denote the finite adeles over Q, and A
p
f ⊂ Af the subgroup of adeles with trivial
component at a prime p. Let K = KpK
p ⊂ G(Af) where Kp ⊂ G(Qp), and Kp ⊂ G(Apf ) are
compact open subgroups. In the following, we always assume that Kp is sufficiently small.
Then, by a theorem of Baily-Borel,
ShK(G,X)C := G(Q)\X ×G(Af)/K
has a natural structure of an algebraic variety over C. Furthermore, ShK(G,X)C has a model
ShK(G,X) over the number field E.
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We fix a finite dimensional Q-vector space V equipped with a perfect alternating pairing ψ.
Let GSp = GSp(V, ψ) denote the corresponding group of symplectic similitudes, and let S±
be the Siegel upper and lower half spaces, defined as the set of maps h : ResC/RGmC → GSpR
such that
(1) The C× action on VR gives rise to a Hodge structure of type (−1, 0), (0,−1) :
VC ∼= V −1,0 ⊕ V 0,−1.
(2) The pairing VR × VR → R defined by (x, y) 7→ ψ(x, h(i)y) is (positive or negative)
definite.
We call (G,X) a Shimura datum of Hodge type if there is an embedding of algebraic groups
ϕ : G →֒ GSp(1.1)
over Q inducing a morphism of Shimura data (G,X) → (GSp, S±). Henceforth, we assume
that (G,X) is of Hodge type.
We further assume that G extends to a connected reductive group over Z(p), which we again
denote by G. By [13, 2.3.1], this implies that the embedding ϕ is induced by an embedding
G → GL(ΛZ(p)) for some Z(p)-lattice ΛZ(p) ⊂ V . By Zarhin’s trick, after replacing ΛZ(p) by
HomZ(p)(ΛZ(p),ΛZ(p))
⊕4, we may assume that ΛZ(p) is self-dual with respect to ψ. We then have
a closed immersion of reductive group schemes
ϕ : G →֒ GSp(ΛZ(p) , ψ|ΛZ(p))
over Z(p) with generic fiber (1.1). We will write Λ∗Z(p) for the dual of ΛZ(p). Further, for each
Z(p)-algebra R, we write GR (resp. ΛR, Λ∗R) for G⊗Z(p) R (resp. ΛZ(p) ⊗Z(p) R,Λ∗Z(p) ⊗Z(p) R).
Let Kp and K
′
p be the hyperspecial subgroups
Kp := G(Zp) ⊂ G(Qp),
K
′
p := GSp(ΛZ(p), ψ|ΛZ(p) )(Zp) ⊂ GSp(Qp).
By [13, 2.1.2], for each Kp there exists a compact open subgroup K′p ⊂ GSp(Apf) containing
K
p and such that ϕ induces an embedding
ϕ : ShK(G,X) →֒ ShK′(GSp, S±)
of E-schemes, where K′ := K′pK
′p ⊂ GSp(Af) and ShK′(GSp, S±) is the Siegel Shimura variety.
1.2. Integral models. Let S be a Z(p)-scheme and A → S be an abelian scheme. The
prime-to-p Tate module is defined by
T̂ p(A) = lim
p∤n
A[n],
viewed as an e´tale local system on S. Write V̂ p(A) = T̂ p(A)⊗Z Q.
The category of abelian schemes over S up to prime-to-p isogeny is defined as follows: The
objects A is an abelian scheme over S. A morphism f : A1 → A2 is an element of the module
HomS(A1, A2) ⊗Z Z(p). An isomorphism in this category will be called a prime-to-p quasi-
isogeny. If A is an abelian scheme up to prime-to-p isogeny, we write At for the dual abelian
scheme up to prime-to-p isogeny.
A Z×(p)-polarization of A is a prime-to-p quasi-isogeny λ : A → At such that nλ for some
positive integer n is induced by an ample line bundle on A.
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Let K′p ⊂ GSp(Apf) be any compact open subgroup. Assume that (A, λ) is an abelian scheme
with a Z×(p)-polarization. Denote by Isom(ΛApf , V̂
p(A))/K′p the e´tale sheaf on S consisting of
K
′p-orbits of isomorphisms ΛApf
∼−→ V̂ p(A) which are compatible with the parings induced by
ψ and λ, up to a scalar in (Apf)
×. A K′p-level structure on (A, λ) is a global section
ηK′ ∈ Γ(T, Isom(ΛApf , V̂ p(A))/K′p).
In the following, we assume that K′p is sufficiently small. By [16, §5], the functor which
assigns to S the set of isomorphism classes of triples (A, λ, η) as above, is representable by a
smooth Z(p)-scheme SK′(GSp, S±), such that one has a natural identification
SK′(GSp, S
±)⊗Z(p) Q ∼−→ ShK′(GSp, S±).
Let O be the ring of integers of E. We write O(p) for the localization of O at the prime p
corresponding to an fixed embedding Q → Qp, and write Ep for the completion of E at p.
We write SK(G,X)
− for the Zariski closure of ShK(G,X) in SK′(GSp, S
±) ⊗Z(p) O(p). Then
the canonical smooth model SK = SK(G,X) over O(p) is constructed as the normalization of
SK(G,X)
−.
For any compact open Kp1 ⊂ Kp, we set K1 := KpKp1. Then there is a finite e´tale projection
πK1/K : SK1 → SK. Further, for h ∈ G(Apf) there is a right action h : SK → Sh−1Kh.
Denote by Λ⊗Z(p) the direct sum of all the Z(p)-modules which can be formed from ΛZ(p) using
the operations of taking duals, tensor products, symmetric powers and exterior powers. It
satisfies that Λ⊗Z(p)
∼−→ Λ∗⊗Z(p) so that a tensor in the left hand side may be regarded in the right
hand side. By [13, 1.3.2], the subgroup G ⊂ GL(ΛZ(p)) is the scheme theoretic stabilizer of a
collection of tensors (sα) ⊂ Λ⊗Z(p) .
Let A′ → SK′(GSp, S±) be the universal abelian scheme and let A → SK be its pullback
via ϕ. Write H1dR(A/SK) for the first relative de Rham cohomology. By [13, Cor. 2.3.9], there
are de Rham tensors
tα,dR ∈ H1dR(A/SK)⊗,
defined as sections of a coherent OSK-module.
2. Mod p points of the Rapoport-Zink uniformization
In this subsection, we review the construction of k-values of the Rapoport-Zink uniformiza-
tion given by Kisin in [14]. This will be used in §3.5 with some modification.
From now on, we write SK for the special fiber SK⊗k of the integral model SK = SK(G,X).
2.1. Basic definitions. For any b ∈ G(K), let Jb be the functor on Qp-algebras defined by
Jb(R) := {g ∈ G(R⊗Qp K) : gbσ(g)−1 = b}
for any Qp-algebra R. Then Jb defines a smooth affine group scheme over Qp by [24, Prop.
1.12]. Up to isomorphism, Jb depends only on the σ-conjugacy class of b.
An element b ∈ G(K) is called basic if its slope cocharacter defined by Kottwitz in [15, §4]
factors through the center of GK . Again, this property depends only on the σ-conjugacy class
of b. An element b is basic if and only if the Qp-group Jb is an inner form of G.
Now let x ∈ SK(k). We write Ax for the fiber of A at x. As in [13, 3.4.2], the point x gives
rise to a triple (Ax, λx, ηK′,x). Passing to the limit over K′p, ηK′ may be promoted to a Kp-orbit
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of an isomorphism ΛApf
∼−→ V̂ p(Ax) as in [13, 3.2.4]. We write ηK,x for this orbit. Furthermore,
there are e´tale tensors
tpα,x ∈ V̂ p(Ax)⊗,
and ηK,x takes (sα) to (t
p
α,x).
Let Ax[p∞] be the p-divisible group of Ax. We will write D(Ax) for the contravariant
Dieudonne´ module of Ax[p∞]. We have the Frobenius morphism
F : σ∗D(Ax)→ D(Ax)
where σ denotes the absolute Frobenius on W . This F induces an isomorphism of isocrystals
F : σ∗D(Ax)⊗[1/p] ∼−→ D(Ax)⊗[1/p].
By [13, Cor. 1.4.3], there are crystalline tensors
tα,x ∈ D(Ax)⊗
that are fixed by the action of F.
We write D(Ax)(k) for the reduction D(Ax)⊗W k. Then the canonical isomorphism
D(Ax)(k) ∼−→ H1dR(Ax/k)
sends tα,x ⊗W k to tα,dR,x.
By [14, 1.4.1], there is an isomorphism of W -modules
Λ∗W
∼−→ D(Ax)(2.1)
taking sα to tα,x. This allows us to identify the group GW with the subgroup of GL(D(Ax))
defined by (tα,x). After choosing such an isomorphism, the Frobenius on D(Ax) has the form
F = b ◦ σ for some b ∈ G(K). The element b is independent of choices, up to G(W )-σ
conjugation.
Consider the Hodge filtration
Fil1D(Ax)(k) ⊂ D(Ax)(k) ∼= H1dR(Ax/k).
By [13, Cor. 1.4.3 (4)], this filtration is given by a Gk-valued cocharacter. By [13, Lem. 1.1.9]
and the argument in its proof, any lift to a cocharacter
µx : GmW → GW(2.2)
isG(K)-conjugate to µ−1h after we fix an isomorphism C
∼−→ K. Moreover, theG(W )-conjugacy
class of µx is independent of the choices of an isomorphism (2.1). By [14, 1.1.12], any such
cocharacter satisfies
b ∈ G(W )µσx(p)G(W ).
2.2. Uniformization map. For each x ∈ SK(k), we set
Xµσx(b) := {g ∈ G(K)/G(W ) : g−1bσ(g) ∈ G(W )µσx(p)G(W )}.
If gp ∈ G(K) is a representative of a point in Xµσx(b), then the submodule gp · D(Ax) ⊂
D(Ax)[1/p] is stable under the Frobenius morphism F[1/p] and has a structure of Dieudonne´
module. Hence gp · D(Ax) with this action corresponds to a p-divisible group Ggpx, and it is
naturally equipped with a quasi-isogeny Ax[p∞]→ Ggpx of p-divisible groups corresponding to
the natural isomorphism
gp · D(Ax)[1/p] ∼−→ D(Ax)[1/p]
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induced by the embedding gp · D(Ax) ⊂ D(Ax)[1/p]. Further we have
tα,x = gp(tα,x) ∈ (gpD(Ax))⊗ = D(Ax)⊗.
Then there exist an abelian variety Agpx and a quasi-isogeny θ : Ax → Agpx corresponding to
Ax[p∞]→ Ggpx. This abelian variety Agpx has a canonical K′p-level structure
ηgpx := θ∗ ◦ ηK′,x : [ΛApf
∼−→ V̂ p(Ax) ∼−→ V̂ p(Agpx)].
Since G ⊂ GSp, the Z×(p)-polarization λx induces a one λgpx on Agpx. Thus we obtain a map
Xµσx(b)→ SK′(GSp, S±)(k) : g 7→ y = [(Agpx, λgpx, ηgpx)].
Note that if we write A′y for the fiber of A′ at y, there is a canonical prime-to-p quasi-isogeny
(A′y, λy, ηy)→ (Agpx, λgpx, ηgpx).
By [14, 1.4.4], there is a unique lifting of this map to a map
ιx : Xµσx(b)→ SK(k)(2.3)
such that its crystalline tensors satisfy equalities tα,x = tα,ιx(gp) under the identification
D(Ax)⊗ = D(Agpx)⊗ ∼−→ D(A′y)⊗ = D(Aιx(gp))⊗.
Now we fix a point
x ∈ SKp(k) := lim←−
K
p
SK(k).
Then the map (2.3) extends to a G(Apf)-equivariant map
ιx : Xµσx(b)×G(Apf)→ SKp(k).
By taking the quotient by each Kp, one gets a map
ιK,x : Xµσx(b)×G(Apf )/Kp → SK(k).
Let AutQ(Ax) denote the Q-group whose points in a Q-algebra R are
AutQ(Ax)(R) = (End0(Ax)⊗R)×,
where End0(Ax) denotes the endomorphism algebra of Ax viewed as an abelian variety up to
isogeny. We write I ⊂ AutQ(Ax) for the subgroup whose points consist of the elements fixing
the tensors tα,x and tα,ℓ,x for all ℓ 6= p. For each ℓ 6= p we have a morphism IQℓ → GQℓ , which
is canonical up to conjugation by elements in the image of Kp → G(Qℓ). We also have a map
IQp → Jb which sends each element j in IQp to the automorphism D(j−1) of D(Ax)[1/p].
Proposition 2.1. [14, Prop. 2.1.5] The map ιK,x induces an injective map
ϑK,x : I(Q)\Xµσx(b)×G(Apf)/Kp → SK(k).
For an inclusion Kp1 ⊂ Kp of open compact subgroups of G(Apf ), we set K1 := KpKp1. One
has a projection
I(Q)\Xµσx(b)×G(Apf)/Kp1 → I(Q)\Xµσx(b)×G(Apf)/Kp.
Then the systems of maps {ϑKp}Kp is compatible with the projection. Further, we take an
element h = hp ∈ G(Apf). The map gp · Kp 7→ gph · h−1Kph for gp ∈ G(Apf) induces a right
action
h : I(Q)\Xµσx(b)×G(Apf)/Kp → I(Q)\Xµσx(b)×G(Apf)/h−1Kph.
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Then for each Kp one has a commutative diagram
I(Q)\Xµσx (b)×G(Apf)/Kp
h−−−→ I(Q)\Xµσx(b)×G(Apf )/h−1Kph
ϑK,x
y ϑh−1Kh,xy
SK(k)
h−−−→ Sh−1Kh(k).
We set
Up := I(Apf) ∩ Kp, I(Zp) := I(Qp) ∩G(W ) ⊂ G(K).
Then the natural maps I(Qp)→ Jb(Qp)→ Xµσx(b) induce embeddings
I(Qp)/I(Zp) →֒ Jp(Qp)/(Jb(Qp) ∩G(W )) →֒ Xµσx(b).(2.4)
Note that I(Q) is a subgroup of the group {g ∈ End0(Ax)×| g∗g ∈ Q×} where g 7→ g∗ is
the Rosati involution on End0(Ax) induced by the polarization on Ax. Since this involution is
positive, every arithmetic subgroup of this group is finite. Therefore I(Q) also has only finite
arithmetic subgroups. Hence, by [9, Proposition 1.4], the group I(Q) is a discrete subgroup
of I(Af) and the quotient I(Q)\I(Af) is compact. Thus, the double coset
I(Q)\I(Af)/(I(Zp) · Up)
is finite.
Proposition 2.2 ([14, Prop. 2.1.5]). The embedding ϑK,x in Proposition 2.1 induces an
embedding
I(Q)\I(Af)/(I(Zp) · Up) →֒ SK(k).(2.5)
This is compatible with the projection and the right I(Apf)-action as above.
We write Z(x) = ZK(x) ⊂ SK(k) for the image of this map, and we also write Z(x) for the
corresponding finite reduced closed subscheme of SK.
2.3. The basic Newton stratum and central leaves. For a point x ∈ SK(k), let b ∈ G(K)
be the element associated to x defined in §2.1. We write Nb ⊂ SK for the Newton stratum
determined by b. By definition, a point y is lying on Nb(k) if and only if there is a quasi-
isogeny Ax[p∞]→ Ay[p∞] of p-divisible groups whose corresponding morphism of Dieudonne´
isocrystals D(Ay)[1/p]→ D(Ax)[1/p] maps tα,y to tα,x. Note that x ∈ Nb(k).
There is a unique Newton stratum Nb such that b is basic. This stratum Nb is called the
basic Newton stratum of SK. This is a non-empty closed subscheme of SK (see [20] and [39,
§7.2.7]).
Theorem 2.3. ([11, Thm. 3.3.2] and [39, Cor. 7.2.16]) Assume that x is lying on the basic
Newton stratum Nb. Then, the embedding ϑK,x in Proposition 2.1 induces a bijection
I(Q)\Xµσx(b)×G(Apf)/Kp
∼−→ Nb(k).
Moreover, the group scheme I is an inner form of G, and there are natural identifications
IQℓ =
{
Jb if ℓ = p;
GQℓ if ℓ 6= p.
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We remark that Howard and Pappas constructed a Hodge type Rapoport-Zink formal
scheme RZG over Spf(W ), and showed that there is an isomorphism of formal schemes
I(Q)\RZG ×G(Af)/Kp ∼−→ (ŜK ⊗W )/Nb
where the right hand side is the completion of SK ⊗W along the basic Newton stratum Nb.
The above bijection is obtained from taking the sets of k-valued points of this isomorphism.
Any two points x, y ∈ SK(k) are said to be in the same central leaf if there exists an
isomorphism of Dieudonne´ modules D(Ay) → D(Ax) mapping tα,y to tα,x. We write C(x) =
CK(x) for the central leaf passing through x.
Corollary 2.4. Assume that x is lying on the basic Newton stratum Nb. Then we have
Z(x) = C(x). In particular, C(x) is a finite set.
We remark that the finiteness also follows from a dimension formula for central leaves given
by C. Zhang [41, Thm. 2 (3)].
Proof. For any gp ∈ I(Qp), the map
D(Ax)→ gp · D(Ax) ∼−→ D(Aιx(gp)) : u 7→ gpu
is an isomorphism of Dieudonne´ modules taking tα,x to gptα,x = tα,x = tα,ιx(gp). Hence the set
Z(x) = ιx(I(Qp)/I(Zp)× I(Apf)) is contained in C(x).
Conversely, if y ∈ C(x) then one has an isomorphism of Dieudonne´ modules
h : D(Ay) ∼−→ D(Ax)
taking tα,y to tα,x. Further, Theorem 2.3 implies that y = ιx((gp · G(W ), gp)) for some (gp ·
G(W ), gp) ∈ Xµσx (b) × G(Apf) because C(x) is contained in the basic Newton stratum Nb(k).
In particular one has an identification D(Ay) ∼−→ gp · D(Ax) such that tα,y = gptα,x = tα,x.
Under this identification, the base extension h ⊗Zp Qp defines an element in Jb(Qp), and the
composition h ◦ (gp|D(Ax)) defines an element in G(W ). Hence gp and h−1 ⊗ Qp define the
same class in Xµσx(b), and hence in Jb(Qp)/(Jb(Qp) ∩G(W )). Therefore, by Theorem 2.3, the
element (gp ·G(W ), gp) comes from I(Qp)/I(Zp)× I(Apf ) through the embedding (2.4). Thus,
the point y lies in Z(x). 
3. Automorphic forms (mod p) on Shimura varieties
First we recall definitions and some properties of automorphic forms on Shimura varieties.
References are [8] for Hodge type and [18] for PEL type. Next we see that automorphic forms
on a finite subset of the special fiber SK(k) can be regarded as vector valued functions on the
scheme associated to the principal bundle over this subset. Finally, we construct a variant of
the uniformization map, which will allow us to identify the automorphic forms on Z(x) with
algebraic modular forms.
3.1. Principal bundles and automorphic bundles. Since GZp is quasi-split, we may as-
sume that the representative µ of [µh] extends to a cocharacter µ : Gm,W → GW . Define
µϕ : Gm,W → GSp(ΛZ(p), ψ)W
by µϕ := ϕ ◦ µ where ϕ is the embedding defined in (1.1). Then the cocharacter µϕ defines a
decomposition ΛZ(p) ⊗W = Λ0 ⊕ Λ−1 over W where Gm acts through µϕ by z 7→ z−i on Λi
for i = 0,−1.
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Let PW ⊂ GW be the parabolic subgroup whose Lie algebra consists of the non-negative
weight spaces for µ. Then we have an identification PW = {g ∈ GW | g(Λ0) = Λ0}.
Let LW be the centralizer of µ in GW . Then LW is a Levi subgroup of PW , i.e. a reductive
closed subgroup defined over W such that the canonical homomorphism LW → PW/Ru(PW )
is an isomorphism where Ru(·) denotes the unipotent radical (see [31, A.6]).
Put H1dR(A/SK) := ϕ∗H1dR(A′/SK′(GSp, S±)) and
Fil1(H1dR(A/SK)) = Liet(A) := ϕ∗ Liet(A′).
We set a sheaf P on SK ⊗W of isomorphisms of coherent sheaves preserving the filtrations
and the tensors
P = PK := IsomOSK⊗W ([Λ∗Zp ⊗OSK⊗W ,Λ∗0 ⊗OSK⊗W , (sα)],
[H1dR(A/SK ⊗W ),Fil1H1dR, (tα,dR)]).
By [21, Prop. 4.3.9], this P is a PW -torsor. We define an LW -torsor L = LK as the quotient
P/Ru(PW ).
We write L (resp. P ) for the reduction LW ⊗W k (resp. PW ⊗W k). Let V be a rational
representation of L over k. The automorphic bundle V (V ) of weight V is the vector bundle
on SK defined by
V (V ) := L|SK ×L V = (L|SK × V )/L
where L acts on L|SK × V via (φ, v)g = (φg, g−1v).
The rational irreducible representations of L are classified by means of maximal tori and
highest weights. Fix a maximal torus T of L. Let X∗(T ) (resp. X∗(T )) be the group of
characters (resp. cocharacters) of T and let 〈 , 〉 : X∗(T )×X∗(T )→ Z be the perfect pairing.
Write Φ := Φ(L, T ) for the root system of L with respect to T . We choose a positive system
Φ+ ⊂ Φ and set
X∗+ = X
∗
+,L(T ) := {ρ ∈ X∗(T ) | 〈ρ, α∨〉 ≥ 0 for all α ∈ Φ+}.
The elements of X∗+ are called the dominant weights of T (with respect to Φ
+).
Let B be the Borel subgroup of L corresponding to the negative roots ([12, II.1.8]). Then
B contains T . For each dominant weight ρ ∈ X∗+, let kρ be k considered as a one dimensional
rational representation of B via ρ. Then B acts freely on L× kρ via (x, y)g = (xg, g−1y). We
define a sheaf L (ρ) on the flag variety L/B by
L (ρ) := L×B kρ = (L× kρ)/B.
Then the space H0(ρ) := H0(L/B,L (ρ)) is of finite dimension and regarded as a rational
representation of L. Furthermore, the maximal semisimple subrepresentation Vρ := socLH
0(ρ)
is the irreducible representation with highest weight ρ. Then Vρ with ρ ∈ X∗+ are a system of
representatives for the isomorphism classes of rational irreducible representations of L over k
(cf. [12, II. Cor. 2.6]). We write V (ρ) for the automorphic bundle V (Vρ).
We remark that this notation is different from the one in [8, §4.1.9], where modules Vη were
defined as H0(η) above but defined over the ring of integers of a finite extension of Ep. In
particular, the reductions Vη ⊗ k were not necessarily irreducible as a representation of L.
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3.2. Extensions to toroidal compactifications. Let Σ′ be a finite, admissible rpcd (ra-
tional, polyhedral cone decomposition) for the Siegel Shimura datum (GSp, S±,K′). By [10],
there exits a toroidal compactification SK′(GSp, S
±)Σ
′
of SK′(GSp, S
±). Further, by [18,
Thm. 2.15 (1) and (2)], the universal family A′ → SK′(GSp, S±) extends to a proper and log
smooth morphism β : A′ → SK′(GSp, S±)Σ′. By [18, Thm. 2.15 (c) and (d)], this morphism
induces the log de Rham complex Ω
•
A′/S
K′(GSp,S
±)Σ′ and the log de Rham cohomology
H1log-dR(A′/SK′(GSp, S±)Σ
′
) := R1β∗(Ω
•
A′/S
K′(GSp,S
±)Σ′ ),
which is a locally free extension of H1dR(A′/SK′(GSp, S±)).
Let Σ be a refinement of the finite, admissible rpcd obtained from the pull-back ϕ∗Σ′
for (G,X,K). By [21, Thm. 4.1.5], there exist toroidal compactifications S Σ
K
and S ϕ
∗Σ′
K
of
SK = SK(G,X). Then the map ϕ extends to a map ϕ
Σ/Σ′ : S Σ
K
→ SK′(GSp, S±)Σ′. We put
H1log-dR(A/S ΣK ) : = (ϕΣ/Σ
′
)∗(H1log-dR(A′/SK′(GSp, S±)Σ
′
)),
Fil1H1log-dR(A/S ΣK ) = Liet(A) := (ϕΣ
′/Σ)∗ LietA′.
These give locally free extensions of H1dR(A/SK) and Liet(A) respectively.
By [21, Prop. 4.3.7 (1)], the tensors (tα,dR) extend uniquely to H
1
log-dR(A/S ΣK ). By repeating
the definition of P with S Σ
K
⊗ W , the extended tensors, and H1log-dR(A/S ΣK ), we get an
extension to PW -torsor PΣ on S ΣK ⊗W ([21, Proposition 4.3.9]). Again we set a LW -torsor
LΣ := PΣ/Ru(P )
on S Σ
K
⊗W .
For each ρ ∈ X∗+, we define a vector bundle V can(ρ) on the special fiber SΣK by
V
can(ρ) := LΣ|SΣ
K
×L Vρ.
LetD = DΣ
K
be the boundary divisor of S Σ
K
relative to SK. Set V
sub(ρ) := V can(ρ)(−(D⊗k)).
Definition 3.1. For any ρ ∈ X∗+, we call H0(SΣK ,V can(ρ)) (resp. H0(SΣK ,V sub(ρ))) the space
of automorphic forms (resp. cusp forms) on SΣ
K
of weight ρ.
3.3. Hecke operators and systems of eigenvalues. Let v 6= p be an unramified finite
place for G and Kv be a hyperspecial subgroup of G(Qv). We write Hv = Hv(Gv,Kv;Zv) for
the unramified Hecke algebra of G at v with Zv-coefficients, normalized by the unique Haar
measure with vol(Kv) = 1. We define the unramified, global Hecke algebra H by the restricted
tensor product
H = H(G) :=
⊗
v 6=p,unr
′Hv.
LetM be a finite dimensional k-vector space which is also anH-module. We say that a system
of Hecke eigenvalues (bT )T∈H appears in M if there exists f ∈ M such that Tf = bTf for all
T ∈ H.
Let g ∈ G(Qv) for an unramified finite place v 6= p. The algebra Hv is generated by the
characteristic functions of the double cosets KvgKv, and each characteristic function defines a
linear operator Tg ofH
0(SK,V (ρ)) as follows. Let π1 := π(K∩gKg−1)/K and π2 := π(g−1Kg∩K)/K◦g,
where
g : SK∩gKg−1
∼−→ Sg−1Kg∩K
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is the right action. Then
πj : SK∩gKg−1 → SK
are finite e´tale projections. Thus we have a trace map
trπj : πj,∗OS
K∩gKg−1
→ OSK .
The automorphic vector bundle V (ρ) is a G(Apf )-equivariant coherent sheaf on the tower
(SK)Kp, in the sense of [8, §4.1.10]. Then π∗1V (ρ) = π∗2V (ρ) and the Hecke operator
Tg : H
0(SK,V (ρ))→ H0(SK,V (ρ))
is defined by Tg := tr π2 ◦ π∗1.
For • ∈ {can, sub}, we can also define Hecke operators
TΣg : H
0(SΣ
K
,V •(ρ))→ H0(SΣ
K
,V •(ρ)).
By extending linearly to Hv and to the restricted tensor product for all v, one get H-module
structures of H0(SK,V (ρ)) and H
0(SK,V
•(ρ)).
3.4. Automorphic forms on finite subschemes. Let Y be a finite reduced subscheme of
SK over k. We show that automorphic forms on Y can be regarded as L-invariant vector
valued functions on the principal bundle LY . We write π : LY → Y for the scheme associated
to the sheaf L|Y on Y . We also write LY for the set of its k-points, for simplicity. Then the
fiber Ly := π−1(y) at y ∈ Y(k) can be identified with the space H0({y},L|{y}). Since Y is
finite and reduced, the bundle LY =
⊔
y∈Y Ly is a trivial L-torsor on Y .
Now let V be a rational representation of L over k. We write Map(LY , V ) for the set of
functions on LY to V . For such a function f and for an element g ∈ L, we define a function
f g by the rule f g(z) = g−1f(z · g−1) for z ∈ LY . This assignment f 7→ f g induces a right
L-action on Map(LY , V ).
Lemma 3.2 (cf. [12, I.5.15]). There is a natural bijection
Map(LY , V )L ∼−→ H0(Y ,V (V )).
Proof. By the definition of the bundle V (V ), one has an isomorphism
H0(Y ,V (V )) ∼−→
∏
y∈Y
(Ly × V )/L
where g ∈ L acts on Ly × V via (z, v) · g = (zg, g−1v).
Let f ∈ Map(LY , V )L. For each y ∈ Y , we put
sf,y := {(z, f(z)) : z ∈ Ly} ⊂ Ly × V.
Since f is L-invariant and L is an L-torsor, the set sf,y defines an L-orbit. Thus we obtain an
element sf := (sf,y)y ∈
∏
y∈Y (Ly × V )/L.
On the other hand, take any s = (sy) ∈
∏
y∈Y ((Ly × V )/L). Then for each z ∈ LY there
exists a unique v ∈ V such that the point (z, v) belongs to the L-orbit sπ(z), because L acts
freely on Ly × V . One can see the function fs : LY → V, z 7→ v is L-invariant. Further, the
map s 7→ fs is an inverse of f 7→ sf . 
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3.5. Uniformization with sections of the principal bundle. Recall that we fixed an
isomorphism Λ∗Z(p) ⊗W ∼= D(Ax) in (2.1). We write µx,k for a cocharacter Gmk → Gk defining
the Hodge filtration
Fil1(D(Ax)(k)) = Liet(Ax[p∞])(k) ⊂ D(Ax)(k)
as in §2.1. Let Px ⊂ Gk be the parabolic subgroup defined by µx,k. Let Lx be the centralizer
of µx,k in Gk. Then Lx is a Levi subgroup of Px and there is a natural isomorphism
Px/Ru(Px)
∼−→ Lx
where Ru(Px) is the maximal unipotent subgroup of Px. One can regard Lx as a subgroup of
Autk(gr
•(D(Ax)(k))) := GLk(Fil1D(Ax)(k))×GLk(D(Ax)(k)/Fil1D(Ax)(k)).
Let g ∈ I(Zp) = I(Qp)∩G(W ). The reduction g⊗W k induces an automorphism of D(Ax)(k)
preserving the Hodge filtration. Hence we have a morphism from I(Zp) to Px sending g to
g ⊗W k. We write Up for the kernel of the composition
̟ : I(Zp)→ Px → Lx.(3.1)
In other words, the subgroup Up consists of elements g ∈ I(Zp) such that (g⊗ k)|Fil1 = id and
g⊗ k (mod Fil1) = id. Then Up is an open compact subgroup of I(Zp). We set a finite group
I(p) := I(Zp)/Up and regard it as a subgroup of Lx via ̟.
Now we fix a section
ξ ∈ Px ∼= H0({x},P|{x})
= Isom((Λ∗k,Λ
∗
0 ⊗ k, (sα ⊗ k)), (D(Ax)(k),Fil1(D(Ax)(k)), (tα,x ⊗ k))).
(We remark that we can choose an isomorphism in (2.1) such that its reduction (mod p)
induces a section in Px. However, that is not needed for our purpose.) Then ξ induces an
identifications of the parabolic subgroups and their Levi quotients
P
∼−→ Px, L ∼−→ Lx.(3.2)
We will construct a map
I(Qp)→ LZ(x)(3.3)
by modifying the map ιx in (2.3). Let gp ∈ I(Qp). The automorphism gp of D(Ax)[1/p]
induces an identification
gp|D(Ax) : D(Ax) ∼−→ gp · D(Ax) = D(Agpx)
of W -modules preserving the tensors. Recall that the right hand side is equipped with a
structure of Dieudonne´ module, by restricting the Frobenius morphism F[1/p] of D(Ax)[1/p].
Since gp commutes with F[1/p], i.e. I(Qp) ⊂ Jb(Qp), the above identification gp|D(Ax) preserves
the structures of Dieudonne´ modules.
Recall that we write A′ → SK′(GSp, S±) for the universal abelian scheme and A → SK for
the pull-back via ϕ. One has a canonical prime-to-p quasi-isogeny A′ϕ(ιx(gp)) → Agpx, which
induces an isomorphism D(Agpx)
∼−→ D(A′ϕ(ιx(gp))) = D(Aιx(gp)) of Dieudonne´ modules. Under
this identification, we obtain an isomorphism
gp|D(Ax) ⊗W k : D(Ax)(k) ∼−→ D(Aιx(gp))(k)
preserving the filtrations and the crystalline tensors.
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We define an element φ(gp) ∈ Pιx(gp) by the composition
φ(gp) := (gp|D(Ax) ⊗W k) · ξ : Λ∗k ∼−→ D(Aιx(gp))(k)
where ξ is the fixed section. By taking the Ru(P )-orbit, we get an element
φ(gp)Ru(P ) ∈ Lιx(gp).
Since LZ(x) is the union
⊔
y∈Z(x) Ly, we obtain the desired map (3.3).
For an inclusion Kp1 ⊂ Kp of open compact subgroups of G(Apf), we set K1 := KpKp1. Then
the projection πK1/K induces a map LZK1(x) → LZK(x). The construction of map (3.3) is
compatible with the level structures Kp. Now we pick a point x ∈ SKp(k). Then we obtain an
I(Apf)-equivariant map
I(Af)→ LZKp(x) := lim←−
Kp
LZK(x).
Let Up := I(Apf ) ∩ Kp. By taking the quotient, one has a map
I(Af)/U
p → LZK(x).
Proposition 3.3. Let U = UpU
p. Then the above map induces an embedding
I(Q)\I(Af )/U → LZ(x),(3.4)
such that the following diagram is commutative:
I(Q)\I(Af)/U −−−→ LZ(x)y y
I(Q)\I(Af )/I(Zp)Up ∼−−−→ Z(x).
Proof. First we show the map is well-defined. The group I(Zp) acts stably on D(Ax). Hence,
for any gp ∈ I(Qp) and u ∈ Up(⊂ I(Zp)) one has
φ(gpu) = (gpu|D(Ax) ⊗ k) · ξ
= (gp|D(Ax) ⊗ k) · (u⊗ k) · ξ
= (gp|D(Ax) ⊗ k) · ξ · ξ−1 · (u⊗ k) · ξ
= φ(gp) · ξ−1 · (u⊗ k) · ξ.
Since Up ⊂ Ru(Px), the element ξ−1 · (u ⊗ k) · ξ belongs to Ru(P ). Thus φ(gpu) lies in the
Ru(P )-orbit of φ(gp).
Let j ∈ I(Q). We will show that φ(j · g) = φ(g) for every element g ∈ I(Af). By the
construction in §2.2, the isogeny j induces a prime-to-p quasi-isogeny
θ : (A(j·g)px, λ(j·g)px, η(j·g)px)→ (Agpx, λgpx, ηgpx)
such that the following diagram of isomorphisms of Dieudonne´ modules is commutative:
D(Ax) gp−−−→ gpD(Ax) D(Agpx)∥∥ jpy D(θ)y
D(Ax) jpgp−−−→ jpgpD(Ax) D(A(j·g)px).
(3.5)
Here, we write jp ∈ I(Qp) for the image of j. Now we define a prime-to-p quasi-isogeny
ψ : (A′ϕ(ιx(j·g)), λϕ(ιx(j·g)), ηK′,ϕ(ιx(j·g)))→ (A′ϕ(ιx(g)), λϕ(ιx(g)), ηK′,ϕ(ιx(g)))
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by the following commutative diagram:
A′ϕ(ιx(j·g)) −−−→ A(j·g)px
ψ
y θy
A′ϕ(ιx(g)) −−−→ Agpx
Here, the horizontal arrows are the canonical prime-to-p quasi-isogenies as above. But by
Proposition 2.1, we have ιx(j · g) = ιx(g). Since K′p is small, the endomorphism ψ is the
identity morphism. Hence one has a commutative diagram
D(Agpx)
∼−−−→ D(A′ϕ(ιx(g))) D(Aιx(g))
D(θ)
y ∥∥ ∥∥
D(A(j·g)px)
∼−−−→ D(A′ϕ(ιx(j·g))) D(Aιx(j·g)).
This diagram and (3.5) show that the element φ(j · g) coincides with φ(g). Thus we see the
map (3.4) is well-defined.
Next we show the map is injective. Suppose that φ(g) · Ru(P ) = φ(g′) · Ru(P ) for g, g′ ∈
I(Af). Then we have ιx(g) = ιx(g′). Hence, by Proposition 2.1, we have g′ = j · ghphp for
some elements j ∈ I(Q), hp ∈ I(Zp), and hp ∈ Up. It suffices to show that hp belongs to Up.
We have
φ(g′) = ((j · g)php ⊗ k)ξ = ((j · g)p ⊗ k)ξξ−1(hp ⊗ k)ξ
= φ(j · g)ξ−1(hp ⊗ k)ξ = φ(g)ξ−1(hp ⊗ k)ξ.
Hence the assumption implies that ξ−1(hp ⊗ k)ξ belongs to Ru(P ), and further this implies
that hp ∈ Ru(Px). Thus the element hp belongs to Up = ker(̟ : I(Zp)→ Px/Ru(Px)), and we
see the map is injective. 
For an open compact Kp1 ⊂ Kp, we set U1 := Up · (I(Apf) ∩ Kp1). Then the projection πK1/K
and the embedding (3.4) induce a commutative diagram
I(Q)\I(Af)/U1 −−−→ I(Q)\I(Af)/Uy y
LZK(x) −−−→ LZK1(x).
Further, the right actions by an element h ∈ I(Apf) give a commutative diagram
I(Q)\I(Af)/U h−−−→ I(Q)\I(Af)/h−1Uhy y
LZK(x) h−−−→ LZh−1Kh(x).
4. Algebraic modular forms (mod p) and Hecke eigensystems
4.1. Algebraic modular forms. First we review some basic properties of algebraic modular
forms. A reference is the original work of Gross [9]. Set Up = I(Apf )∩ Kp and U = UpUp. Let
Vτ be a finite dimensional k[I(p)]-module. We write Map(I(Q)\I(Af)/U, Vτ ) for the k-vector
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space of functions from the finite set I(Q)\I(Af )/U to Vτ . For a function f and for an element
g ∈ I(p), we define a function f g by the rule
f g(x) = g−1f(x · g−1)
where x ∈ I(Q)\I(Af)/U and g ∈ I(p) = I(Zp)/Up acts on I(Q)\I(Af )/U through the
inclusion I(Zp)/Up ⊂ I(Qp)/Up. Then f 7→ f g induces a right I(p)-action on the space
Map(I(Q)\I(Af)/U, Vτ ).
Definition 4.1. We define the space of algebraic modular forms (mod p) of weight Vτ and
level U on I as the I(p)-invariant space:
Malg(I, Vτ , U) := Map(I(Q)\I(Af)/U, Vτ)I(p).
Proposition 4.2 (cf. [9, Prop. 4.5]). (1) If we fix representatives {gα} for the classes in
the double coset I(Q)\I(Af)/I(Zp)Up, then the map f 7→ (. . . , f(I(Q)gαU), . . .) gives an
isomorphisms of k-vector spaces
Malg(I, Vτ , U)
∼−→ V ⊕I(Q)\I(Af )/I(Zp)Upτ .
In particular one has
dimkM
alg(I, Vτ , U) = |Z(x)| · dimk Vτ .(4.1)
(2) If we regard Malg(I, ∗, U) as a functor from the category of finite dimensional k[I(p)]-
modules to the category of finite dimensional k-vector spaces, then this is an exact functor.
Proof. We recall that Kp is assumed to be sufficiently small. Therefore, the group Up :=
I(Apf) ∩ Kp satisfies I(Q) ∩ gα(I(Zp)Up)g−1α = {1} for each gα. Hence any element g ∈ I(Af)
can be uniquely written as g = jgαhph
p for some representative gα, j ∈ I(Q), hp ∈ I(Zp), and
hp ∈ Up. We put h¯p := hpUp ∈ I(p). By the uniqueness, the assignment
v = (. . . , vα, . . .) 7→ [fv : I(Q)gU 7→ h¯−1p · vα]
induces a well-defined map V
⊕I(Q)\I(Af )/I(Zp)Up
τ → Malg(I, Vτ , U). This gives an inverse of the
above map, and thus the assertion (1) follows.
The left exactness of Malg(I, ∗, U) follows from the definition, without the assumption on
K
p. The formula (4.1) implies the exactness. 
Next we interpret algebraic modular forms as L-invariant vector-valued functions on the
scheme LZ(x). We use the embedding I(Q)\I(Af)/U →֒ LZ(x) constructed in Proposition 3.3.
We fix a section ξ and the identification Lx ∼= L as in (3.2). Under this identification, we
regard I(p) as a subgroup of L.
Proposition 4.3. For a rational representation V of L over k, there is an isomorphism of
k-vector spaces
Map(LZ(x), V )L ∼−→Malg
(
I,ResLI(p) V, U
)
.
Proof. Now we write Z˜(x) for the image of the embedding I(Q)\I(Af )/U → LZ(x) in (3.4).
Then the natural morphism Z˜(x) → Z(x) is an I(p)-torsor, and in particular one has
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Z˜(x)/I(p) = Z(x) = LZ(x)/L. Hence the restrictions of functions to Z˜(x) induce an iso-
morphism
Map
(LZ(x), V )L ∼−→ Map(Z˜(x),ResLI(p) V )I(p) = Malg (I,ResLI(p) V, U) .

Combining Lemma 3.2 and Proposition 4.3, one has an isomorphism
H0(Z(x),V (V )) ∼= Malg(I,ResLI(p) V, U).(4.2)
4.2. Hecke eigensystems on basic central leaves. Now we assume that the point x is
lying on the basic Newton stratum Nb. Then we have Z(x) = C(x) and I(Apf) = G(Apf) by
Theorem 2.3. In particular one has Up = Kp.
Let h ∈ G(Qv) for an unramified finite place v 6= p of G. Each characteristic function of
KvhKv defines a linear operator Th of M
alg(I, V, U) as follows. Write KvhKv =
⊔
i hiKv as a
disjoint union of a finite number of single cosets. For f ∈ Malg(I, V, U) we set a function
Th(f) as
Th(f)(g) :=
∑
i
f(ghi), g ∈ G(Af).
Then Th(f) defines an element in M
alg(I, V, U). By extending linearly to Hv and to the
restricted tensor product for all v, one get an H-module structure of Malg(I, V, U).
By the construction, this H-module structure coincides with the one induced by the pro-
jections and the right actions
πK1/K : I(Q)\I(Af)/U1 → I(Q)\I(Af)/U,
h : I(Q)\I(Af)/U → I(Q)\I(Af)/h−1Uh
for compact open subgroups Kp1 ⊂ Kp and for elements h ∈ G(Apf). Hence, the isomorphism
(4.2) is compatible with H-actions.
Now we show that systems of Hecke eigenvalues appearing in automorphic forms on SK are
the same as those on the central leaf C(x). The following is a slight generalization of the result
of Goldring and Koskivirta in [8, §11].
Theorem 4.4. We assume the condition (⋆) if (G,X) is neither of compact-type, nor of
PEL-type:
(⋆) There exists a G(Apf)-equivariant Cartier divisor D
′ such that D′red = D and ω
k(−D′)
is ample on SΣ
K
for all k >> 0.
If the class [b] associated to the point x ∈ SK is basic, then each of the H-modules⊕
ρ∈X∗+
H0(SK,V (ρ)),
⊕
ρ∈X∗+
H0(SΣ
K
,V sub(ρ)),
⊕
ρ∈X∗+
H0(SΣ
K
,V can(ρ)),
⊕
ρ∈X∗+
H0(C(x),V (ρ))
(4.3)
admits precisely the same systems of Hecke eigenvalues.
Proof. By the work of C. Zhang in [40], the special fiber SK admits a universal G-zip of
type µ. It gives rise to a smooth morphism of stacks ζ : SK → G-Zipµ. By definition, the
fibers Sw := ζ
−1(w) for w ∈ G-Zipµ are the Ekedahl-Oort (EO) strata of SK. In [8, §11], the
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automorphic forms on the minimal EO stratum SK,e ⊂ SK were studied. We have to modify
their argument as follows.
It was shown in [8, Lem. 11.2.3] that the module Symn((Lie(G)/Lie(P ))∨)⊗Vρ has a “good
filtration”, and such a filtration was used in the proof of [8, Lem. 11.2.3]. On the other hand,
our definition of the representations Vρ are different from [8] as we have remarked in §3.1.
So we can replace a good filtration by a composition series, since a rational representation
of L always has a composition series and each composition factor is isomorphic to Vρ (in our
notation) for some ρ ∈ X∗+.
Furthermore, one can see that their argument for the system (SK,e)Kp can be extended to
any system of closed subschemes (YK)Kp satisfying the following properties:
(1) Each closed subscheme YK is non-empty, smooth of zero-dimensional. Further, (YK)Kp
forms a system of G(Apf)-equivariant subschemes. More precisely, the right action by
an element h ∈ G(Apf) induces a bijection YK ∼−→ Yh−1Kh, and the projection πK1/K for
any compact open Kp1 ⊂ Kp induces an equality π−1K1/K(YK) = YK1;
(2) [8, Lem. 11.2.5] We write ω := ϕ∗(det Liet(A′⊗ k)) for the Hodge bundle on SK. Then
there is an isomorphism of H-modules
H0(YK,V (ρ)) ∼−→ H0(YK,V (ρ)⊗ ωN)
for some integer N ≥ 1.
Note that the property (1) was used in the formulations and the proofs of [8, Lemmas 11.2.4,
2.5, 2.6]. Hence it suffices to show that the system of central leaves (CK(x))Kp satisfy these
properties. Since x is basic, one has I(Apf ) = G(A
p
f) and CK(x) = ZK(x) by Theorem 2.3 and
Corollary 2.4. Therefore, the property (1) follows from Proposition 2.2.
Now we give two proofs of the property (2) for C(x) = CK(x). The first one uses the Hasse
invariants on EO strata. Recall that the structure of central leaves is finer than the structure
of the EO strata. In particular, C(x) is contained in the EO stratum Sw for some w ∈ G-Zipµ.
Let Sw be the Zariski closure of Sw in SK. By [8, Cor. 4.3.5], there exist a positive integer N
and a section hw ∈ H0(Sw, ωN |Sw) which is G(Apf)-equivariant and whose non-vanishing locus
is precisely Sw. Then its restriction hw|C(x) to C(x) is G(Apf)-equivariant, and does not vanish
anywhere on C(x). Therefore, the multiplication by hw|C(x) induces the desired isomorphism.
The second proof is similar to Ghitza’s [6]. By [8, §4.1.11], there is a structure kω on k of a
one dimensional rational representation of L such that ω ∼= V (kω) as G(Apf)-equivariant line
bundles. Recall that we regard I(p) as a subgroup of L. Since I(p) is finite, there exists an
embedding of a finite subfield Fq →֒ kω such that the action of I(p) on kω factors through F×q .
Therefore, by (4.2) one has identifications
H0(C(x),V (ρ)) ∼= Malg(I,ResLI(p) Vρ, U)
=Malg(I,ResLI(p)(Vρ ⊗ k⊗q−1ω ), U) ∼= H0(C(x),V (ρ)⊗ ωq−1).

4.3. Main theorem. We write Irr(I(p)) for the set of isomorphism classes of simple k[I(p)]-
modules. We use the following lemma.
Lemma 4.5. For each Vτ ∈ Irr(I(p)), there exists a rational representation V of L over k
such that the restriction ResLI(p) V contains Vτ as a k[I(p)]-submodule.
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Proof. Recall that one has an embedding I(p) ⊂ Lx ∼= L ⊂ GL(Λ∗k). Since I(p) is finite, there
is a finite subfield Fq of k such that I(p) ⊂ GL(Λ∗Fq).
Let Vπ be the quotient of the induced module Ind
GL(Λ∗
Fq
)
I(p) Vτ by a maximal proper k[GL(Λ
∗
Fq)]-
submodule. Then Vπ is a simple k[GL(Λ
∗
Fq)]-module. By the Frobenius reciprocity, the re-
striction Res
GL(Λ∗
Fq
)
I(p) Vπ contains Vτ as a k[I(p)]-submodule. Further, by [6, Prop. 26], there is a
structure of (irreducible) rational representation of GL(Λ∗k) on Vπ which lifts the k[GL(Λ
∗
Fq)]-
module structure of Vπ. If we write Vπ for this representation, then the restriction V :=
Res
GL(Λ∗k)
L Vπ satisfies the desired property since
ResLI(p) V = Res
GL(Λ∗k)
I(p) Vπ = Res
GL(Λ∗
Fq
)
I(p) Vπ ⊃ Vτ .

Theorem 4.6. Assume that the class [b] = N (x) is basic. Then the systems of Hecke eigen-
values arising from the space
⊕
ρ∈X∗+
H0(C(x),V (ρ)) are the same as those arising from the
space ⊕
Vτ∈Irr(I(p))
Malg(I, Vτ , U)
of algebraic modular forms (mod p) for I having level U = UpK
p.
By this theorem and Theorem 4.4, we see Theorem 0.1.
Proof. First let ρ ∈ X∗+ and suppose that f ∈ H0(C(x),V (ρ)) is a Hecke eigenform and (bT )
is the system of Hecke eigenvalues of f . Under the isomorphism (4.2), we can regard f as a
Hecke eigenform in the space Malg(I,ResLI(p) Vρ, U). Recall that the functor M
alg(I, ∗, U) on
finite k[I(p)]-modules ∗ is exact by Proposition 4.2. Therefore, for any composition series of
ResLI(p) Vρ, one can find a composition factor Vτ such that (bT ) appears as a system of Hecke
eigenvalues in Malg(I, Vτ , U).
On the other hand, let Vτ be a simple k[I(p)]-module. Then by Lemma 4.5, there is
a rational representation V of L such that the restriction ResLI(p) V has Vτ as an k[I(p)]-
submodule. Therefore one has a H-equivariant inclusion
Malg(I, Vτ , U) ⊂Malg(I,ResLI(p) V, U).
Note that the functor ResLI(p)(∗) on rational representations of L is exact. Therefore, any
system (bT ) of Hecke eigenvalues arising fromM
alg(I, Vτ , U), there exists a composition factor
V ′ of V such that (bT ) appears also in M
alg(I,ResLI(p) V
′, U). By (4.2), the system (bT )
also appears in the space H0(C(x),V (ρ)) where ρ ∈ X∗+ is the dominant weight satisfying
Vρ ∼= V ′. 
Corollary 4.7. Under the assumption of Theorem 0.1, the number of distinct systems of
Hecke eigenvalues appearing in the spaces (0.2) is no larger than
|C(x)| ·
∑
Vτ∈Irr(I(p))
dimk Vτ .
Proof. By Theorem 0.1, that number is no larger than the dimension of the direct sum⊕
Vτ∈Irr(I(p))
Malg(I, Vτ , U) over k. Hence the assertion follows from the formula (4.1). 
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Part 2. Correspondences for quaternionic Shimura varieties
5. Shimura varieties of PEL-type
We recall Shimura varieties of PEL-type following Shimura [30], Deligne [3], and Kot-
twitz [16].
5.1. PEL datum.
Definition 5.1. A PEL-datum is a 5-tuple DQ = (B, ∗, V, ψ, h0), where
• B is a finite-dimensional semi-simple algebra over Q;
• ∗ is a positive involution on B, that is, the reduced trace trB/Q bb∗ > 0 for every
element b ∈ B − {0};
• V is a finite faithful left B-module;
• ψ : V × V → Q is a non-degenerate Q-valued skew-Hermitian form. That is, ψ is a
non-degenerate alternating form such that ψ(bx, y) = ψ(x, b∗y) for all x, y ∈ V and
b ∈ B;
• h0 : C→ EndB⊗R(VR) is an R-linear algebra homomorphism, such that
φ(h0(i)x, h0(i)y) = ψ(x, y), ∀ x, y ∈ VR = V ⊗ R,
and that the symmetric form (x, y) := ψ(x, h0(i)y) is definite (positive or negative) on
VR.
Let G = GUB(V, ψ) be the Q-group of B-linear ψ-similitudes on V : For every commutative
Q-algebra R, the group of its R-valued points is given by
(5.1) G(R) = {g ∈ EndB(VR) | ∃ c(g) ∈ R× s.t. ψ(gx, gy) = c(g)ψ(x, y), ∀ x, y ∈ VR}.
where VR = V ⊗Q R. Let X be the G(R)-conjugacy class of h0. Then (G,X) is a Shimura
datum∗. For any open compact subgroup K ⊂ G(Af), we write ShK(G,X) for the Shimura
variety of level K associated to (G,X).
Let ker1(Q, G) denote the kernel of the local-global map H1(Q, G)→∏p≤∞H1(Qp, G).
Definition 5.2.
(1) An integral PEL datum is a tuple D = (B, ∗, OB, V, ψ,Λ, h0), where
• (B, ∗, V, ψ, h0) is a PEL datum;
• OB is an order in B which is stable under ∗;
• Λ is a full OB-lattice in V .
(2) Let p be a prime number. An integral PEL datum D is said to be p-principal if
(a) OB is maximal at p, that is, OB ⊗ Zp is a maximal order in Bp := B ⊗Q Qp;
(b) Λp := Λ⊗Z Zp is self-dual with respect to the pairing ψ.
(3) A principal integral PEL datum D is an integral PEL datum which is p-principal for
all prime numbers p.
An integral PEL datum D gives a model GZ = GUOB(Λ, ψ) over Z, which we again denote
by G.
Every PEL datumDQ = (B, ∗, V, ψ, h0) supports an integral PEL datum. ThatDQ supports
a p-principal PEL datum or not depends only on the local datum (Bp, ∗, Vp, ψ) at p. Since
∗By this we mean that the pair (G,X) satisfies the axioms for defining Shimura varieties [4, (2.1.1.1)-
(2.1.1.3)], even though the group G may not be connected.
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every integral PEL datum is p-principal for almost all primes p, for a PEL datum to support an
principal integral datum, it requires only local conditions at finitely many primes. Note that
p-principal PEL data have been considered in Rapoport-Zink [24] for defining naive integral
models of Shimura varieties of PEL-type. Principal integral PEL data will be used to define
moduli spaces of principally polarized OB-abelian varieties with level structures.
5.2. Modular interpretation via prime-to-p isogeny classes. Let us fix a p-principal
integral PEL datum D = (B, ∗, OB, V, ψ,Λ, h0). Let E be the reflex field of the Shimura
datum and p the the place of E above p respect to the fixed embedding Q →֒ Qp. We write
SchOE ,(p ) for the category of locally noetherian schemes over OE,(p ).
For a scheme S ∈ SchOE ,(p ) , we define the category of OB-abelian schemes over S up to
prime-to-p isogeny, denoted by AV , as follows: The objects of AV are pairs (A, ι) where A
is an abelian scheme over S, and ι is a homomorphism ι : OB ⊗Z Z(p) → EndA ⊗Z Z(p). A
morphism f : (A1, ι1) → (A2, ι2) in AV is an element of the module HomOB(A1, A2)⊗Z Z(p),
where HomOB(A1, A2) is the module of morphisms of abelian S-schemes that respect the
OB-actions.
If (A, ι) is an object of AV , we define an object (At, ιt) in AV , where At is a dual abelian
scheme of A, and action ιt : OB⊗ZZ(p) → EndAt⊗ZZ(p) is given by the formula ιt(b) := (ι(b∗))t.
A Z×(p)-polarization of (A, ι) is an isomorphism λ : (A, ι) → (At, ιt) in AV such that nλ for a
suitable natural number n is induced by an ample line bundle on A.
Now assume that S is connected and let (A, λ, ι) be an object in AV with a Z×(p)-polarization.
Let s¯ be a geometric point of S. We write T̂ p(As¯) for the prime-to-p Tate module and set
V̂ p(As¯) = T̂
p(As¯)⊗Z Q as in §1.2. Then λ induces a non-degenerate alternating pairing
λp : V̂ p(As¯)× V̂ p(As¯)→ Apf(1) := V̂ p(Gm).
Further, ι induces a B ⊗Q Apf -module structure on V̂ p(As¯).
Definition 5.3. Let D = (B, ∗, OB, V, ψ,Λ, h0) be a p-principal integral PEL datum. We
assume p 6= 2 if the group G is not connected. Let Kp ⊂ G(Apf) be a sufficiently small open
compact subgroup, for example, Kp is contained in the principal-N open compact subgroup
K
p(N) = ker
(
G(Ẑp)→ G(Ẑp/NẐp)
)
with N ≥ 3 and (N, p) = 1. Let Kp = G(Zp) and K = Kp · Kp. The moduli problem
MK :=MK(D) associated to the above data is the contravariant functor from SchOE ,(p ) to the
category of sets defined as follows: if S is a connected scheme in SchOE ,(p ), then MK(S) is the
set of isomorphism classes of tuples (A, λ, ι, η¯), where
(1) (A, ι) is an object in AV satisfying the determinant condition
det(a, V −1,0) = det(a,Lie(A))
for any a ∈ OB;
(2) λ : (A, ι)→ (At, ιt) is a Z×(p)- polarization;
(3) η¯ is a π1(S, s¯)-invariant K
p-orbit of a B ⊗Q Apf -linear isomorphism
η : V ⊗Q Apf −˜→V̂ p(As¯)
which respects the pairings ψ and λp up to a scalar in (Apf )
×.
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Here two quadruples (A, λ, ι, η¯) and (A′, λ′, ι′, η¯′) are said to be isomorphic if there is an
isomorphism f : (A, ι) → (A′, ι′) in AV such that λ = rf t ◦ λ′ ◦ f for some r ∈ Z×(p),>0 and
carrying η¯ into η¯′.
Theorem 5.4. [16, 24] The functor MK is represented by a quasi-projective scheme (denoted
again by) MK over OE,(p ).
5.3. Moduli scheme of principally polarized OB-abelian varieties. Let us fix a prin-
cipal integral PEL datum D = (B, ∗, OB, V, ψ,Λ, h0) where B does not involve any sim-
ple factor of type D. Let Mint
K
be the moduli scheme of 2dm-dimensional principally po-
larized OB-abelian varieties (A, λ, ι, η¯) with level-N structure. Here, ι is a homomorphism
ι : OB → End(A), and a level-N structure on (A, λ, ι) is a Kp(N)-orbit η¯ of OB ⊗ Ẑp-linear
isomorphisms η : Λ⊗ Ẑp ∼−→ T̂ p(A) which preserve the pairings
ψ : Λ⊗ Ẑp × Λ⊗ Ẑp → Ẑp
λp : T̂ p(As¯)× T̂ p(As¯)→ Ẑp(1)
up to a scalar in (Ẑp)×. Two objects in Mint
K
are said to be isomorphic if there exists an
isomorphism of abelian varieties compatible with the additional structures.
Lemma 5.5. The moduli scheme MK is isomorphic to the moduli scheme M
int
K
.
Proof. Consider the natural map f :Mint
K
→MK which sends each object A = (A, λ, ι, η¯) the
equivalence class of (A, λ, ιp, η¯Apf ), where ιp : OB ⊗ Z(p) → End(A)⊗ Z(p) and ηApf : Λ⊗ A
p
f →
V̂ p(A) are maps extended by linearity from ι and η, respectively.
Now we claim that the moduli problem ofMint
K
does not change when we replace the condi-
tion “principal polarization” for λ by the one “prime-to-p polarization (i.e. a Z×(p)-polarization
which is a morphism)”. Let (A, λ, ι, η¯) be as an object inMint
K
(S) but λ be merely a prime-to-p
polarization. Then we have an isomorphism η : Λ ⊗ Ẑp ∼−→ T̂ p(A) as above. Since we are
assuming that Λ⊗Ẑp is a self-dual lattice with respect to ψ, the paring T̂ p(As¯) is also self-dual
with respect to λp. This implies λ is principal since λ has only prime-to-p degree.
This claim and [17, Prop. 1.4.3.4] imply that f is an isomorphism. 
5.4. Dieudonne´ modules with OB-actions. In order to explore properties of abelian vari-
eties with additional structures at the prime p, we will use Dieudonne´ theory with OB-actions
in the next subsection (cf. [33, Section 3]). Denote by σ the absolute Frobenius morphism
induced by σ : k → k onW . LetW [F,V] be the quotient ring of the associative freeW -algebra
generated by the indeterminates F,V with respect to the relations
FV = VF = p, Fa = aσF, Vaσ = aV for a ∈ W.
A Dieudonne´ module M is a leftW [F,V]-module which is finitely generated as aW -module.
A polarization onM is an alternating form 〈 , 〉 :M×M → W such that F and V are adjoints:
〈Fx, y〉 = 〈x,Vy〉σ
for all x, y ∈ M . A polarization is called a principal polarization if it is a perfect pairing.
Let W (1) := D(µp∞), where D is the contravariant Dieudonne´ functor. For any abelian
variety A over k, define M = M(A) := HomW (D(A[p∞]),W (1)), the covariant Dieudonne´
module used in this section.
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For a principal integral PEL datum D and for a triple (A, λ, ι) over k as in the previous
subsection, the corresponding moduleM is a principally polarized Dieudonne´ module endowed
with an action of OB ⊗ Zp satisfying the following:
• 〈bx, y〉 = 〈x, b∗y〉 for all x, y ∈M, b ∈ OB ⊗ Zp, and
• the action of OB ⊗ Zp commutes with the operators F and V.
6. Non-emptiness of the superspecial loci of quaternionic Shimura varieties
For the remainder of this paper, we fix a principal integral PEL-datum
D = (B, ∗, V, ψ, OB,Λ, h0),
where B is a totally indefinite quaternion algebra over a totally real field F . Let d := [F : Q],
m := dimB V , and N ≥ 3. Assume that (p,N) = 1. Let
K
p(N) := ker
(
G(Ẑp)→ G(Ẑp/NẐp)
)
.
Set K := G(Zp)×Kp(N). Here we regard G = GUOB(Λ, ψ) as the automorphism group scheme
over Z defined by the lattice Λ.
The reflex field is equal to Q, and hence the moduli scheme MK is a quasi-projective
scheme defined over SpecZ(p). By Lemma 5.5 we may and will identify MK with MintK . When
B = Mat2(F ), OB = Mat2(OF ) and ∗ is the transpose, by the Morita equivalence, the moduli
schemeMK is isomorphic to the Hilbert-Siegel moduli space, which parameterizes isomorphism
classes of dm-dimensional principally polarized OF -abelian varieties (A, λ, ι, η¯) with level-N
structure.
As G is connected, the natural embedding G →֒ GSp(V, ψ) gives a Shimura datum of Hodge
type. Note that there is a tensor spol ∈ Λ⊗Z(p) such that the group GSp(ΛZ(p), ψ) is identified
with the stabilizer subgroup of spol in GL(ΛZ(p)). Furthermore, for each element b ∈ OB⊗ZZ(p)
the endomorphism
ι(b) ∈ End(ΛZ(p)) = Λ∗Z(p) ⊗ ΛZ(p)
induces a tensor sb ∈ Λ⊗Z(p) . Then the group G = GZ(p) can be identified with the stabilizer
subgroup in GL(ΛZ(p)) of the collection of tensors spol and sb for all b ∈ OB ⊗ Z(p).
On the other hand, using the short exact sequence
1 −−−→ G1 = ker c −−−→ G c−−−→ Gm −−−→ 1
and the fact that G1 is an inner form of ResF/Q Sp2m,F , we have
H1(Q, G1) = H1(Q,ResF/Q Sp2m,F ) = 0,
and hence H1(Q, G) = 0. Thus, the generic fiber MK ⊗Q is isomorphic to ShK(G,X).
6.1. Superspecial loci.
Definition 6.1. Let M be a Dieudonne´ module satisfying
dimkM/FM = dimkM/VM = g.(6.1)
Such a module M is called superspecial if it further satisfies
a(M) := dimkM/(F,V)M = g.(6.2)
An abelian variety A is called superspecial if its Dieudonne´ module M(A) is superspecial.
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The conditions (6.1) and (6.2) implies that V2M = pM . On the other hand, suppose that
M is a left W [V]-module which is finitely generated as a W -module and satisfies Vaσ = aV
for any a ∈ W and V2M = pM . The last condition implies that pM ⊂ VM , and hence the
morphism F := p · V−1 : M [1/p] → M [1/p] is stable on M . Then the W [F,V]-module M is a
superspecial Dieudonne´ module.
By the theorem of Oort [25], an abelian variety A over k of dimension g is superspecial if
and only if it is isomorphic over k to the product E1 × · · · ×Eg of some supersingular elliptic
curves E1, . . . , Eg over k.
Theorem 6.2. With a fixed principal integral PEL datum D and integers d and m as above,
there exists a 2dm-dimensional principally polarized superspecial OB-abelian variety over k
which satisfies the determinant condition.
Proof. We show that the assertion reduces to Theorem 6.4 below. Suppose that there exists
a principally polarized superspecial OB ⊗ Zp-Dieudonne´ module M of W -rank 4dm which
satisfies the determinant condition. We write Gp for the p-divisible group with the additional
structure corresponding to M . We will show that there is a principally polarized superspecial
OB-abelian variety realizing Gp.
By [35, Theorem 2.5], there exists a supersingular polarized (not necessarily principally)
OB-abelian variety (A
′, λ′, ι′) of dimension 2dm. Let S be the set of primes ℓ 6= p such that
ℓ | deg λ′. For each ℓ ∈ S, there is a principally polarized ℓ-divisible OB ⊗ Zℓ-module Gℓ
such that the associated ℓ-adic Tate module Tℓ(Gℓ) is isomorphic to (ΛZℓ , ψℓ) compatible with
the additional structures. Since H1(Qℓ, G1) = 0, there is an OB ⊗ Zℓ-linear isomorphism
Tℓ(A
′) ⊗Zℓ Qℓ ≃ (V ⊗Q Qℓ, ψℓ). Thus, there is quasi-isogeny φℓ : A′[ℓ∞] → Gℓ of polarized
ℓ-divisible OB ⊗ Zℓ-modules. For the place at p, since A′[p∞] is supersingular, by the proof
of [35, Proposition 3.1], there is a quasi-isogeny φp : A
′[p∞] → Gp of polarized p-divisible
OB⊗Zp-modules. Choose a prime-to-pS positive integer N such that Nφℓ is an isogeny for all
ℓ ∈ S ∪{p}. Replacing φℓ by Nφℓ and λ′ by Ngλ′, we may assume that the φℓ’s are isogenies.
Now let A := A′/(
∏
ℓ∈{p}∪S Kerφℓ). Then the OB-multiplication of A
′ induces that of A.
Since the p-divisible group A[p∞] is isomorphic to Gp, the abelian variety A is superspecial.
Further, the polarization of A′ induces a polarization λ of A, which induces the given principal
polarization of Gℓ for all ℓ ∈ S ∪ {p}. Hence λ is principal. 
We write Msp
K
:= {[(A, λ, ι, η¯)] ∈ MK(k) : A is superspecial} for the superspecial locus of
the special fiber MK ⊗ k.
By Theorem 6.2, there is a triple (A, λ, ι) such that A is superspecial and (A, ι) satisfies
the determinant condition. By moduli interpretation of MK, this triple with a level structure
gives a point in Msp
K
.
Corollary 6.3. The superspecial locus Msp
K
is non-empty.
6.2. Existence of superspecial Dieudonne´ modules. For each place v of F , denote by
Fv the completion of F at v and Ov = OFv the ring of integers of Fv if v is finite. If M is a
Q-module or a Z-module (resp. an F -module or an OF -module), for the prime p (resp. a finite
place v of F ), write Mp for M ⊗Q Qp or M ⊗Z Zp, respectively (resp. write Mv for M ⊗F Fv
or M ⊗OF Ov, respectively). We have the decompositions
(6.3) Fp =
∏
v|p
Fv, OF ⊗ Zp =
∏
v|p
Ov, Bp =
∏
v|p
Bv, OB ⊗Z Zp =
∏
v|p
OBv ,
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where v runs over finite places of F above p. For each OF ⊗ Zp-module or OB ⊗ Zp-module
M , we have the corresponding decomposition
(6.4) M =
⊕
v|p
Mv
where Mv is an Ov-module or an OBv -module.
Now we apply (6.4) to the self-dual skew-Hermitian OB-lattice (Λ, ψ) and get the decompo-
sition Λp = ⊕vΛv. Observe that the central idempotents in the decomposition (6.3) are fixed
by the involution ∗. This implies that ψp(Λv,Λv′) = 0 if v 6= v′. Let ψv be the restriction of
ψp to Λv. Then (Λv, ψv) is a self-dual Zp-valued skew-Hermitian OBv -lattice of OBv -rank m.
Furthermore, we have the decomposition
(6.5) (Λp, ψp) =
⊕
v|p
(Λv, ψv)
of self-dual Zp-valued skew-Hermitian lattices
For each finite place v of F , let ev and fv denote the ramification index and inertial degree
of v, respectively. Let πv be a uniformizer of Ov and k(v) the residue field of Ov. If v is
ramified in Bv, then OBv is the unique maximal order of the division quaternion Fv-algebra
Bv. In this case, we choose a presentation OBv = O
′
v[Πv], where O
′
v is the ring of integers
of the unramified quadratic extension F ′v/Fv and Πv is a uniformizer of OBv subject to the
following relations
Π2v = −πv, and Πva = a¯Πv ∀ a ∈ O′v,
where we denote by x 7→ x¯ the canonical involution on Bv which leaves F ′v stable and induces
the non-trivial automorphism a 7→ a¯ of F ′v/Fv. One easily shows
Πv = −Πv, and a+ bΠv = a¯− bΠv
for a, b ∈ F ′v. Let HomZp(O′v,W ) denote the set of embeddings of O′v in W over Zp. Since the
residue field k(v)′ of O′v has degree 2fv over Fp. We may write Hom(O
′
v,W ) = {σj}j∈Z/2fvZ
such that σ ◦ σj = σj+1. For any O′v ⊗Zp W -module M , we have the decomposition
(6.6) M =
⊕
j∈Z/2fvZ
M j .
where M j is the σj-component of M .
Theorem 6.4. There exists a principally polarized superspecial OB ⊗ Zp-Dieudonne´ module
M of W -rank 4dm which satisfies the determinant condition.
Proof. Since γ is a positive involution, by [22, Section 21], there is an element γ ∈ B× such
that b∗ = γb¯γ−1 for all b ∈ B, γ + γ¯ = 0, and γ2 is a totally negative element in F×. Put
γ = (γv)v|p with γv ∈ B×v by the decomposition (6.3). Then the involution ∗ on B induces an
involution (·)∗ = γv (¯·)γ−1v on Bv.
Suppose that for each v|p there exists a principally polarized OBv -Dieudonne´ module Mv
of Ov ⊗Zp W -rank 4m satisfying the determinant condition. Then the product M =
⊕
v|pMv
satisfies the desired properties. Thus it suffices to construct such Mv for each v|p.
First we assume that Bv ∼= Mat2(Fv). We fix an isomorphism Bv = Mat2(Fv) such that
OBv = Mat2(Ov). Since OB⊗Zp is stable under ∗, the ring OBv is normalized by γv and hence
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γv belongs to F
×
v · GL2(Ov). Thus, we may write γv = πavv uv for some element uv ∈ GL2(Ov)
and av ∈ Z. Then b∗ = uv b¯u−1v for all b ∈ Bv.
We will reduce the construction of Mv in this case to the “Hilbert-Siegel” case. By [34,
Lemma 4.5], there exists a superspecial principally polarized Ov-Dieudonne´ module (N1, φ1)
of W -rank 2[Fv : Qp]. Here
φ1 : N1 ×N1 →W
is a non-degenerate alternating pairing such that φ1(bx, y) = φ1(x, by) for any b ∈ Ov. Note
that the determinant condition is satisfied automatically, because N1 admits an Ov-linear
principal polarization [34, Proposition 2.8]. For general m ≥ 1, we put (N, φ) := (N⊕m1 , φ⊕m1 ).
Then (N, φ) is a superspecial principally polarized Ov-Dieudonne´ module of W -rank 2m[Fv :
Qp] which satisfies the determinant condition.
Now we set Mv := N ⊕ N = (Ov ⊕ Ov) ⊗Ov N . We regard the module Mv as a left
OBv = Mat2(Ov)-module, with the multiplications in the same way on column vectors. We
construct a polarization on Mv. We first put a paring
ψ : Mv ×Mv →W, ((x1, x2), (y1, y2)) 7→ φ(x1, y1) + φ(x2, y2).
Then a direct computation shows that ψ(bx, y) = ψ(x, bty) for x, y ∈ Mv and b ∈ OBv =
Mat2(Ov). Now we consider a paring
〈 , 〉 : Mv ×Mv →W, 〈x, y〉 := ψ(x, C−1u−1v y),
where C =
(
0 1
−1 0
)
. Then the pairing 〈 , 〉 is a polarization of Mv. In fact, we have
b∗ = uv b¯u
−1
v = uvCb
tC−1u−1v ,
and hence we get
〈bx, y〉 = ψ(bx, C−1u−1v y) = ψ(x, btC−1u−1v y) = ψ(x, C−1u−1v b∗y) = 〈x, b∗y〉.
Since Cuv ∈ GL2(Ov), one has C−1u−1v Mv = Mv and the dual lattice of Mv with respect to
〈 , 〉 is that of Mv with respect to ψ, which is Mv. Thus, 〈 , 〉 is a principal polarization on Mv.
Next we assume that Bv is a division algebra. For brevity, we write γ, e, f , π, Π for γv,
ev, fv, πv and Πv, respectively. Then γ = π
au for some integer a ∈ Z and u ∈ OBv with
ordΠ(u) = 0 or 1. Write the inverse different D
−1
Ov/Zp
of Ov over Zp as (δ−1), where δ−1 ∈ Fv is
a generator. As (Λv, ψv) is a self-dual Zp-valued skew-Hermitian OBv -lattice of OBv -rank m,
by [32, Section 7] either ordΠ(u) = 1, or both ordΠ(u) = 0 and m = 2n is even.
Case (a) ordΠ(u) = 1. Let (Λ1, ϕB) = (OB1e1, (1)) be the OBv -valued Hermitian OBv -lattice
of rank one with ϕB(e1, e1) = 1. Put
ψ1(x, y) := TrBv/Qp ϕB(x, δ
−1u−1y)
for x, y ∈ Λ1, where TrBv/Qp is the reduced trace from Bv to Qp. One checks that (Λ1, ψ1)
is a self-dual Zp-valued skew-Hermitian OBv -lattice of OBv -rank one. We choose an element
α ∈ OBv such that αα¯ = p. Define an OBv -linear map V : Λ1 → Λ1 by Ve1 = αe1. The map V
defines an OBv -Dieudonne´ module M1 := Λ1 ⊗Zp W by the usual σ−1-linear extension on W :
V(x⊗ a) = V(x) ⊗ aσ−1 for x ∈ Λ1 and a ∈ W . We have
ϕB(Ve1,Ve1) = ϕB(αe1, αe1) = pϕB(e1, e1)
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and ϕB(Vx,Vy) = pϕB(x, y) for x, y ∈ Λ1. Then
ψ1(Vx,Vy) = TrBv/Qp ϕB(Vx, δ
−1u−1Vy)
= TrBv/Qp ϕB(Vx,V(δ
−1u−1y))
= TrBv/Qp pϕB(x, δ
−1u−1y) = pψ1(x, y).
(6.7)
Let 〈 , 〉1 : M1 ×M1 →W be the alternating pairing extending from ψ1 by W -linearity. Then
by (6.7) we have 〈Vx,Vy〉 = p〈x, y〉σ−1 for x, y ∈ M1. Since ordπ(α2) = ordπ(αα¯) = e, we
have V2Λ1 = pΛ1 and V
2M1 = pM1. Thus, (M1, 〈 , 〉1) is a principally polarized superspecial
OBv -Dieudonne´ module of W -rank 4[Fv : Qp]. To show M1 satisfy the determinant condition,
by [38, Lemma 5.2] we must show
(M1/VM1)
j has the same dimension for all j ∈ Z/2fZ.
Since (M1/VM1)
j = (Λ1/VΛ1) ⊗O′v,σj k, they have the same dimension. Put (Mv, 〈 , 〉v) :=
(M1, 〈 , 〉1)⊕m. Then (Mv, 〈 , 〉v) satisfies the desired properties.
Case (b) ordΠ(u) = 0 and m = 2n is even. Let Λ1 := H(−1) = OBve1 +OBve2 and ϕB be
the Hermitian form defined by
ϕB(e1, e1) = ϕB(e2, e2) = 0, ϕ(e1, e2) = Π
−1.
Put
ψ1(x, y) := TrBv/Qp ϕB(x, δ
−1u−1y)
for x, y ∈ Λ1. The same computation shows that (Λ1, ψ1) is a self-dual Zp-valued skew-
Hermitian OBv -lattice of rank two. We choose two elements α, β ∈ OBv such that αΠ−1β¯ =
pΠ−1 and ordΠ α = ordΠ(β) = e. For example if e = 2c is even, put α = π
c and β = pπ−c,
and if e = 2c + 1, put α = πcΠ and β = pπ−c−1Π. Define an OBv -linear map V : Λ1 → Λ1
by Ve1 = αe1 and Ve2 = βe2. This gives an OBv -Dieudonne´ module M1 := Λ1 ⊗Zp W .
One also easily checks ϕB(Vx,Vy) = pϕB(x, y) and ψ1(Vx,Vy) = pψ1(x, y) for x, y ∈ Λ1
from (6.7). Define the polarization 〈 , 〉1 : M1 × M1 → W in the same way and we have
〈Vx,Vy〉1 = p〈x, y〉σ−11 for all x, y ∈ M1. Furthermore, we see V2Λ1 = pΛ1 and V2M1 = pM1,
so M1 is superspecial. Finally, since (M1/VM1)
j = (Λ1/VΛ1) ⊗O′v,σj k for all j ∈ Z/2fZ,
they have the same dimension. Thus, (M1, 〈 , 〉1) is a principally polarized superspecial OBv -
Dieudonne´ module of W -rank 8[Fv : Qp] which satisfies the determinant condition. Then the
polarized Dieudonne´ module (Mv, 〈 , 〉v) := (M1, 〈 , 〉1)⊕n satisfies the desired properties. 
Remark 6.5. There is a similar result for a totally definite quaternion algebra B, i.e. of type
D ([38, Thm. 7.2]). However, for this case, it is not clear whether the assertion corresponding
to Theorem 6.2 is true.
7. Inner forms associated to superspecial abelian varieties
From now on, we assume that p is unramified in B. We fix a point x ∈Msp
K
. Then this point
corresponds to a principally polarized superspecial OB-abelian variety with a level structure
(A, λ, ι, η¯). In particular, the element b associated to x is basic.
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7.1. Basis of superspecial Dieudonne´ modules. Let (M, 〈, 〉 , ι) be the Dieudonne´ module
associated to (A, λ, ι). We write Fv for the completion of F at v. Since p is unramified in B,
one has an isomorphism
B ⊗Qp ∼=
∏
v|p
Mat2(Fv).
We write OF for the ring of integers of F . Choose an isomorphism OB⊗Zp ∼= Mat2(OF⊗Zp) so
that ∗ becomes the transpose. Let N := eM , 〈 , 〉 := 〈 , 〉|N and ι := ι|OF , where e =
(
1 0
0 0
)
in Mat2(OF⊗Zp). Then the triple (N, 〈 , 〉, ι) is a principally polarized superspecial Dieudonne´
module with compatible OF ⊗ Zp-action of rank g = 2dm.
We write Ov for the ring of integers OFv . Let N =
⊕
v|pNv be the decomposition with
respect to the decomposition OF ⊗ Zp =
⊕
v|pOv.
Let J := Hom(Ov,W ) be the set of embeddings. Let fv := [Fv : Qp]. We write σ for the
absolute Frobenius map on W and write J = {σi}i∈Z/fvZ so that σσi = σi+1 for all i. We
identify Z/fvZ with J through i 7→ σi. Decompose
Nv =
⊕
i∈Z/fvZ
N iv
into σi-isotypic components N
i
v. Then, by [36, Theorem 5.1], one has the following.
• Each component N iv is a free W -module of rank 2m, which is self-dual with respect to
the pairing 〈 , 〉;
• 〈N iv, N jv 〉 = 0 if i 6= j;
• There is a symplectic basis {X ij , Y ij }j=1,...,m for Nv such that
Y ij ∈ VN i+1v ,
FX ij = −Y i+1j , FY ij = pX i+1j
(7.1)
for all i ∈ Z/fvZ and all j.
7.2. Explicit description of I(Zp). We write EndOB(A) for the ring of OB-linear endomor-
phisms. We define a group scheme IZ over Z as follows. For any ring R, we set
IZ(R) := {(g, r) ∈ (EndOB(A)⊗R)× × R× : g∗ · g = r · id}
where g 7→ g∗ is Rosati involution induced by the principal polarization λ.
Since A is superspecial, and hence in particular supersingular, one can identify the group
IZ(R) for any Zp-algebra R with the automorphism group of M with additional structures:
{(g, r) ∈ (EndW [F,V],OB⊗Zp(M)⊗Zp R)× × R× : 〈gx, gy〉 = r〈x, y〉}
for all x, y ∈M.
See, for instance, Ogus [23, Lem. 6.4]. Further, since the ring OB ⊗ Zp ∼= M2(OF ⊗ Zp) is
Morita equivalent to OF ⊗ Zp, this group is isomorphic to the group of automorphisms of N :
{(g, r) ∈ (EndW [F,V],OF⊗Zp(N)⊗Zp R)× × R× : 〈gx, gy〉 = r〈x, y〉}
for all x, y ∈ N.
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Note that this group is further decomposed as
IZ(R)
∼−→ {((gv), r) ∈
∏
v|p
(EndW [F,V],Ov(Nv)⊗ R)× × R×
: 〈gvxv, gvyv〉 = r〈xv, yv〉, xv, yv ∈ Nv}.
(7.2)
Let qv := N(v) = p
fv . We write Qqv(= Fv) and Qq2v for the unramified extensions of Qp of
degree fv and 2fv, respectively. Let Zqv and Zq2v be the ring of integers. We define subgroup
schemes Iv of IZ ⊗ Zp over Zp by
Iv(R) :=

{(
A B
C D
)
∈ GL2m(Zqv ⊗ R) : B ≡ 0 (mod p)
}
if fv is even{(
A −pCτ
C Aτ
)
∈ GL2m(Zq2v ⊗ R)
}
if fv is odd
where ( · )τ is induced by the (non-trivial) involution of Qq2v over Qqv .
Now for each v | p we fix a symplectic basis {X ij, Y ij }i∈Z/fvZ,j=1,...,m of Nv as in (7.1). Let
Ω :=
(
0 Im
−Im 0
)
. Then, by [36, Proposition 5.2], this basis induces an explicit description
of the groups in (7.2);
IZ(R)
∼−→
((gv)v, r) ∈∏
v|p
Iv(R)×R× : Ω−1gtvΩ = rI2m for all v | p
 .(7.3)
Now we recall that the group G can be identified with the stabilizer subgroup of tensors spol
and sb for b ∈ OB ⊗ Z(p) (§5.3). Similarly, the base extension IZ ⊗ Q can be identified with
the group scheme I = Ix over Q of automorphisms preserving the crystalline and e´tale tensors
defined in §2.2. In particular one has an identification IZ(Qp) ∼= I(Qp), which induces an
identification of open compact subgroups
IZ(Zp) = IZ(Qp) ∩GLW (D(A)) ∼= I(Qp) ∩G(W ) = I(Zp).
7.3. Explicit description of I(p). Let R be an Fp-algebra. For each v | p with fv odd, we
write ( · )τ¯ for the automorphism on Matm(Fq2v ⊗Zp R) induced by Frobqv ⊗Fp id. Then one
has
Iv(R) =

{(
A 0
C D
)
∈ GL2m(Fqv ⊗Fp R)
}
if fv is even{(
A 0
C Aτ¯
)
∈ GL2m(Fq2v ⊗Fp R)
}
if fv is odd.
Set IFp := IZ ⊗ Fp. Under the identification (7.3), we define an Fp-subgroup LI of IFp by
LI(R) :=

((
Av 0
0 Dv
)
v|p
, r
)
∈
∏
v|p
Iv(R)
× R× : AtvDv = rIm
 .
Then LI is a Levi-subgroup of IFp over Fp, and there is a natural morphism IFp → LI whose
restriction to LI is the identity.
For a field extension Fq/Fp, we write ResFq/Fp GLm,Fq for the Weil restriction.
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Lemma 7.1. The group LI is isomorphic to the subgroup scheme of( ∏
fv:even
ResFqv /Fp GLm,Fqv ×
∏
fv:odd
ResF
q2v
/Fp GLm,Fq2v
)
×Gm,Fp
whose R-points consist of the elements ((Av)v, r) satisfying (A
t
v)A
τ¯
v = rIm for each v with fv
odd.
Proof. We can define a map by
((
Av 0
0 Dv
)
v
, r
)
7→ ((Av)v, r) and the inverse map is given
by
((Av)v, r) 7→
((
Av 0
0 r(Atv)
−1
)
fv:even
,
(
Av 0
0 Aτ¯v
)
fv:odd
, r
)
.

Recall that we defined a natural homomorphism (3.1)
̟ : I(Zp)→ Lx ⊂ Autk(gr•(D(A)(k)))
and we set Up = ker̟ and I(p) = I(Zp)/Up = im̟.
Proposition 7.2. One has isomorphisms of finite groups
I(p)
∼−→ LI(Fp)
∼−→ {((Av)v, r) ∈ (
∏
fv:even
GLm(Fqv)×
∏
fv:odd
GLm(Fq2v))× F×p
: AtvA
τ¯
v = rIm for fv : odd}.
Proof. The second isomorphism follows from Lemma 7.1.
The reduction homomorphism IZ(Zp) → IFp(Fp) is surjective by Hensel’s Lemma [EGA4,
The´ore`me 18.5.17]. Further, a natural homomorphism IFp(Fp) → LI(Fp) is surjective by the
definition of LI . Hence one gets a surjective homomorphism IZ(Zp)→ LI(Fp).
Now we consider the Hodge exact sequence
0→ VMk → Mk → Mk/VMk → 0
of the covariant Dieudonne´ module Mk. The dual of this sequence gives the Hodge exact
sequence of the contravariant Dieudonne´ module D(A)(k), and hence one has an identification
Autk(gr
•(D(A)(k)))
∼−→ GLk(Mk/VMk)×GLk(VMk).
Further, the subgroup Autk,OB(Mk/VMk)×Autk,OB(VMk) of the right hand side is identified
with the group
Autk,OF (gr
•(Nk)) := Autk,OF (Nk/VNk)× Autk,OF (VNk)
by the Morita equivalence. Then the group Lx can be regard as a subgroup of this group.
Thus the group I(p) can be identified with the image of the morphism
I(Zp)→ Autk,OF (gr•(Nk))
g 7→ (g|N ⊗W k (mod V), g ⊗W k|VNk).
Now let {X ij}i∈Z/fvZ,j=1,...,m, {Y ij }i∈Z/fvZ,j=1,...,m be as in (7.1). Then, by the property (7.1) of
this basis, the k-vector space Nk/VNk (resp. VNk) is spanned by {X ij} (mod p) (resp. {Y ij }
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(mod p)). By the construction of the isomorphism (7.3) in [36, proof of Prop. 5.2], one can see
that these bases induce an embedding γ : LI(Fp)→ Autk,OF (gr•(Nk)) such that the following
diagram is commutative:
IZ(Zp) −−−→ LI(Fp)
∼=
y γy
I(Zp)
̟−−−→ Autk,OF (gr•(Nk)).
Since the upper horizontal morphism is surjective, the embedding γ induces (the opposite of)
the first isomorphism of the assertion. 
8. Upper bound of the number of Hecke eigensystems
We keep assuming that p is unramified in B.
8.1. Modular forms and algebraic modular forms. Let ρ ∈ X∗+ and V (ρ) be the auto-
morphic bundle of weight ρ. Let Σ be a finite, admissible rpcd (§3.2). LetMΣ
K
be the toroidal
compactification of MK with respect to Σ, constructed by Lan [17]. We remark that Lan
does not excluded the case p = 2 when MK is of type C. Also, the proofs in Part 1 work for
p = 2 with the following modifications: For the Rapoport-Zink uniformization, we can apply
the original work [24, Chap. 6] to the variety MK. Especially, Theorem 2.3 can be replaced
by [24, Thm. 6.30]. Note that for general Hodge type case, Kisin [14] and Howard-Pappas
[11] excluded the case p = 2. The proof of Theorem 4.4 works also for p = 2 if we choose
the second proof of the assertion (2). (However, we do not know whether the construction
of Hasse invariants given by Goldring and Koskivirta in [8, §4] can be extended to the case
p = 2. See also [8, Rem. 11.2.7].) Hence, Theorem 0.1 holds for MK for any prime p:
Theorem 8.1. Let x be a point lying on the basic Newton stratum of MK ⊗ k and let I be
the group scheme associated to this point. Then the systems of prime-to-p Hecke eigenvalues
appearing in each of the spaces⊕
ρ∈X∗+
H0(MK ⊗ k,V (ρ)),
⊕
ρ∈X∗+
H0(MΣ
K
⊗ k,V •(ρ))
for • ∈ {can, sub} are the same as those appearing in the space⊕
Vτ∈Irr(I(p))
Malg(I, Vτ , U)
of algebraic modular forms on I of level U with varying weights.
Remark 8.2. When F = Q, B = Mat2(Q), and m := dimB V = 1, then the Morita equivalence
implies thatMK parameterizes abelian varieties of dimension dm = 1, i.e. MK is the modular
curve. In particular, the boundary has codimension one. OtherwiseMK is compact or has the
boundary with codimension larger than one, and hence the Koecher principle holds for MK
by [19, Thm. 2.3]:
H0(MΣ
K
⊗ k,V (ρ)can) ∼= H0(MK ⊗ k,V (ρ)).
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We write N (B,N, p) for the number of systems of eigenvalues as above. By [36, Lem. 4.2
(1)], the superspecial locus Msp
K
coincides with the central leaf C(x) for any point x ∈ Msp
K
.
Therefore, for a point x ∈Msp
K
, Corollary 4.7 implies an inequality
N (B,N, p) ≤ |Msp
K
| ·
∑
Vτ∈Irr(I(p))
dimk Vτ .(8.1)
8.2. Cardinality of the superspecial locus. Let Dp,∞ be the quaternion algebra over Q
ramified exactly at {p,∞}. Let D′ be the quaternion algebra over F such that
invv(D
′) = invv((Dp,∞ ⊗Q F )⊗F B)
for all place v. Let ∆′ be the discriminant of D′ over F . Note that for each v | p, the condition
v ∤ ∆′ (resp. v | ∆′) is equivalent to that fv is even (resp. fv is odd).
Theorem 8.3. If we write ζF (s) for the Dedekind zeta function, then we have
|Msp
K
| =|G(Z/NZ)| · (−1)
dm(m+1)/2
2md
·
m∏
j=1
ζF (1− 2j)∏
v|∆′
(qjv + (−1)j) ·
∏
v|p,v∤∆′
(qjv + 1)
 .(8.2)
Proof. The moduli space MK ⊗ k is decomposed as the union
⊔
n∈(Z/NZ)×Mn where Mn is
the moduli space over k of 2dm-dimensional principally polarized OB-abelian varieties with
a symplectic OB-linear level N structure with respect to the primitive Nth root of unity
exp(2πin
N
).
The cardinality of the superspecial locus of Mn is given by a mass formula [36, Thm. 1.3],
where the factor |G(Z/NZ)| in (8.2) was replaced by the cardinality |G1(Z/NZ)| of the group
of Z/NZ-values of G1 = ker(c : G → Gm). Thus the assertion (8.2) follows from the above
decomposition and the equality |G(Z/NZ)| = |(Z/NZ)×| · |G1Z(Z/NZ)|.
Note that in [36] the superspecial locus of Mn was implicitly assumed to be non-empty,
which is implied by Theorem 6.2. 
8.3. Number of isomorphism classes of simple k[I(p)]-modules. Recall that an element
g in a finite group is said to be p-regular if its order is prime-to-p. By [28, Cor. 3 of Thm. 42],
the number |Irr(I(p))| of pairwise non-isomorphic simple k[I(p)]-modules coincides with the
number of p-regular conjugacy classes of I(p). We will compute this number.
By Proposition 7.2, one has I(p) = LI(Fp). By Lemma 7.1, the derived subgroup L′I of LI
is isomorphic to the product∏
v|p,v∤∆′
ResFqv/Fp SLm,Fqv ×
∏
v|p,v|∆′
ResFqv /Fp SUm,Fqv .
In particular, L′I is simply-connected. We write Z for the (connected) center of LI . Then, by
[1, Thm. 3.7.6.(ii)], the number of p-regular conjugacy classes of LI(Fp) is equal to pl · |Z(Fp)|
where l is the semisimple rank of LI .
Since the ranks of SLm,Fqv and SUm,Fqv are both equal to m− 1, the rank of L′I,Fp is equal
to ∑
v|p,v∤∆′
fv(m− 1) +
∑
v|p,v|∆′
fv(m− 1) = d(m− 1).
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Note that the group Z(Fp) of Fp-values is isomorphic to the center of the finite group LI(Fp)
(cf.[1, Prop. 3.6.8]). Hence, by Proposition 7.2, one has
Z(Fp)
∼−→
∏
v|p,v∤∆′
F×qv ×
((xv)v, r) ∈
 ∏
v|p,v|∆′
F×q2v
× F×p : N(xv) = r

where N is the norm map NF
q2v
/Fqv : F
×
q2v
→ F×qv , x 7→ xτ¯x. One has
|N−1(r)| = (q2v − 1)/(qv − 1) = qv + 1
for each r ∈ F×p , and hence we have
|Z(Fp)| =
∏
v|p,v∤∆′
|F×qv | ·
∏
r∈F×p
 ∏
v|p,v|∆′
|N−1(r)|

= (p− 1) ·
∏
v|p,v∤∆′
(qv − 1) ·
∏
v|p,v|∆′
(qv + 1).
Therefore, one gets an equality
|Irr(I(p))| = pd(m−1) · (p− 1) ·
∏
v|p,v∤∆′
(qv − 1) ·
∏
v|p,v|∆′
(qv + 1).(8.3)
8.4. Upper bound of the dimensions of simple k[I(p)]-modules. Since LI is connected
reductive group over Fp, the finite group LI(Fp) = I(p) has a structure of a split BN -pair of
characteristic p by [1, §1.18]. Hence the dimensions of simple k[I(p)]-modules are no larger
than the order of a p-Sylow subgroup of I(p) by [2, Cor. 3.5 and Cor. 5.11]†.
Now we compute the order of a p-Sylow subgroup of I(p). We set
Um(Fqv) := {A ∈ GLm(Fq2v) : AtAτ¯ = Im}.
By Proposition 7.2, one has an exact sequence
1→
∏
v|p,v∤∆′
GLm(Fqv)×
∏
v|p,v|∆′
Um(Fqv)→ I(p) pr−→ F×p → 1,
where pr is given by ((Av)v|p, r) 7→ r. Further, for some p ∤ n, n′ ∈ Z>0 one has
|GLm(Fqv)| = n · q
m(m−1)
2
v and |Um(Fqv)| = n′ · q
m(m−1)
2
v .
Therefore a p-Sylow subgroup of I(p) has order∏
v|p,v∤∆′
q
m(m−1)
2
v ·
∏
v|p,v|∆′
q
m(m−1)
2
v =
∏
v|p
q
m(m−1)
2
v = p
dm(m−1)
2 .
Thus, the dimension of a simple k[I(p)]-module Vτ satisfies the inequality
dimk Vτ ≤ p
dm(m−1)
2 .(8.4)
†Curtis assumed that the split BN -pair is “restricted” ([2, Def.3.9]), which is a technical condition shown
to be implied just by the axioms of split BN -pairs by Richen [27].
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8.5. Proof of Theorem 0.3. The inequality follows from (8.1), (8.2), (8.3), and (8.4). As p
becomes large, one has
N (B,N, p) =O
p d(m+2)(m−1)2 · p ·∏
v|p
qv ·
m∏
j=1
∏
v|p
qjv

=O
(
p
d(m+2)(m−1)
2 · p · pd · p dm(m+1)2
)
= O
(
pdm
2+dm+1
)
.

Remark 8.4. When F = Q, B = Mat2(Q) and ∗ is the transpose, then the Morita equivalence
implies that the moduli space MK parameterizes principally polarized abelian varieties of
dimension m. In other words, MK is the Siegel modular variety of genus m and the spaces
H0(MΣ
K
,V can(ρ)) are regarded as those of Siegel modular forms (mod p). In this case, the
place v | p is just p and the discriminant is ∆′ = (p). Hence one has the inequality
N (B,N, p) ≤ CB · |GSp2m(Z/NZ)| · p
(m+2)(m−1)
2 · (p− 1)(p+ 1) ·
m∏
j=1
(pj + (−1)j)
with CB =
(−1)m(m+1)/2
2m
·∏mi=1 ζQ(1− 2i). This is the same as Ghitza’s result [7, Thm. 1].
Remark 8.5. In [26], Reduzzi gave an upper bound of the number of Hecke eigensystems of
PEL modular forms (mod p) associated to an imaginary quadratic extension Q(
√
α)/Q (type
A). Note that a mass formula for type A has not been known. So he embedded the superspecial
locus into the Siegel modular variety, and used Ekedahl’s mass formula [5] to give a bound.
Also, a mass formula for definite quaternionic type (type D) is not known. If one has mass
formulae for type A or D, it should be possible to obtain sharper bounds of the numbers of
Hecke eigensystems of these types.
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